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Abstract

This paper analyzes how worker optimism (and pessimism) affects subjective performance
evaluation (SPE) contracts. An optimistic (pessimistic) worker overestimates (underesti-
mates) the probability of observing an acceptable performance. The firm is better informed
about performance than the worker and knows the worker’s bias. We show that optimism
(and pessimism) can: (i) change the optimal incentive scheme under SPE, (ii) lower the dead-
weight loss associated with SPE contracts, (iii) lead to a Pareto improvement by simultane-
ously lowering the firm’s expected wage cost and raising the worker’s expected compensation.
In addition, we show that worker pessimism can lead to SPE contracts without a deadweight

loss.

1. INTRODUCTION

Most workers perform jobs where objective performance measures are extremely dif-
ficult to obtain (Prendergast, 1999). Very often the ultimate quality of a worker’s
performance, output or service is not directly observable. This happens in the produc-
tion of complex goods like movies, technological gadgets, or academic research papers.
In these types of jobs firms tipically use subjective performance measures to provide
work incentives. For example, subjective evaluations of supervisors, co-workers, or
consumers.

The absence of objective performance measures creates a natural environment for
biases like overconfidence and optimism to influence economic behavior.! Optimism is
a well documented psychological phenomenon. Most individuals tend to overestimate
their chances of experiencing positive and underestimate their chances of experienc-

ing negative events (e.g. Weinstein, 1980; Taylor and Brown, 1988). Arabsheibani,

IFelson (1981) and Dunning, Meyerowitz, and Holzberg (1989) show empirically that the more am-
biguous or subjective is the definition of an ability, the more individuals overestimate of their relative
skills (a form of overconfidence). Van Den Steen (2004) and Santos-Pinto and Sobel (2005) provide
mechanisms whereby an increase in subjectivity raises optimism and overconfidence.
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De Meza, Maloney, and Pearson (2000) find that entrepreneurs, managers, and work-
ers are optimistic about their financial outcomes. Koudstaal, Sloof, and Van Praag
(2015) find that entrepreneurs, managers, and workers display dispositional optimism,
i.e., the global expectation that good things will be plentiful in the future and bad
things will be scarce (e.g. Scheier and Carver, 1985; Scheier, Carver, and Bridges, 1994;
Peterson, 2000). Optimism matters for economic decisions like market entry, portfo-
lio, and career choices (e.g. Puri and Robinson, 2007). While optimistic biases are a
robust and widespread psychological phenomenon, pessimistic biases are rare. Still,
some individuals tend to underestimate their chances of experiencing positive events
and overestimate their chances of experiencing negative ones. Carver, Scheier, and
Segerstrom (2010) review the literature on optimism and show how “it is [...] possible
to identify people who are pessimists in an absolute sense” and that “doing this reveals
that pessimists are a minority”.

In this paper we ask how does worker optimism and pessimism affect the optimal
design of subjective performance evaluation contracts? Is there a way for the employer
to take advantage of the bias of the worker? Does the worker lose or gain from being
optimistic/pessimistic? How does the presence of biased workers affect social welfare?
In the following sections we provide precise answers to these questions and show that
the SPE contracts offered to biased workers may differ substantially (qualitatively and
quantitatively) from the ones offered to unbiased ones. We find that the features
of these contracts lead to three main welfare results. First, the principal can take
advantage of the bias of the worker in order to decrease the cost of implementing high
effort. That is, the principal is always (at least weakly) better off when the worker is
optimistic/pessimistic, compared to the case of an unbiased worker. Second, optimism
and pessimism can lower the deadweight loss of subjective performance evaluation
contracts.? Under some specific conditions, the misalignment of beliefs between the
principal and the agent may even lead to contracts that feature no deadweight loss at
all. Third, workers’ biases can lead to a Pareto improvement by simultaneously lowering
the firm’s expected wage cost and raising the worker’s expected compensation.

In our model, we consider a contractual environment where a risk neutral firm (or
principal) offers a one period contract to a risk neutral worker (or agent). If the
agent accepts the contract he chooses an effort level: high or low. The probability
that a benefit is realized is larger under high effort than under low effort and the
cost of exerting high effort is larger than the cost of exerting low effort. The effort
choice of the agent as well as the benefit are not directly observable. However, the
benefit generates separate private (and hence subjective) signals for the principal and
the agent. We assume that each signal only has two possible realizations: acceptable
and unacceptable performance. The signals are imperfectly positively correlated and

?Deadweight loss is a standard feature of SPE contracts (see the seminal paper MacLeod (2003) and
the literature we cite below) and is often referred to also as “money burning”.
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the extent to which performance evaluations are subjective depends on the degree of
correlation of the signals. The principal’s signal is more informative than that of the
agent. We focus on the case where the principal decides to implement high effort. A
contract in our set-up specifies a wage cost for the principal and a compensation for the
agent under each reported state. The wage is the principal’s dollar cost of employing
the agent and the compensation is the dollar amount the agent receives. We allow
the agent to costlessly impose a deadweight loss upon the principal. This captures the
notion of conflict in a relationship which might happen when the parties disagree on
their performance evaluations. In the examples cited above, for instance, the worker
may decide to “punish” the employer by performing badly, signing for another team,
changing manager and so on.?

In this framework, an optimistic (pessimistic) agent overestimates (underestimates)
the probability of observing an acceptable performance given the realization of the
principal’s signal. The principal is fully informed about the bias of the agent.

While optimism and pessimism already separate types of agents into two categories,
the fact that the bias of the agent applies only to his own signal and not to the one of the
principal also affects the perceived correlation of the signals. We distinguish between
agents who perceive signals to be positively correlated (as they actually are) and agents
who perceive (mistakenly) signals to be negatively correlated. This proves to be a key
distinction since the classical result on the existence of conflict and deadweight loss in
SPE contracts does not necessarily hold any longer for the case of negative perceived
correlation. When the principal and the agent disagree only about the degree of positive
correlation between the signals, the principal can “speculate” on the compensation
granted to the agent by promising more (less) in states the agent deems more (less)
probable than the principal does. This alleviates the conflict present in the contract
and may lead to Pareto improvements compared to the case of an unbiased agent. It
is not, however, enough to rule out conflict entirely. When the perceived correlations
differ also in direction, however, not only the principal can speculate on the states
mentioned, but now the states deemed most probable by the two parties are exact
opposites. This creates an incentive for the principal to speculate even further. In face
of a greater (believed) expected compensation, the agent may find it optimal to sign a
contract that features no conflict and no deadweight loss.

The rest of the paper is organized as follows. Section 2 discusses the related literature
and compares it to our findings. Section 3 sets-up the model, shows how we introduce

and model workers’ biases in the model, formalizes the principal’s effort implementation

3Mas (2006, 2008) provides direct evidence of employees imposing direct costs upon employers through
private actions. These costs include a decrease in future effort (Mas, 2006) or a direct reduction in the
quality of the output (Mas, 2008).However, there are also examples of employers imposing direct costs
upon employees. In the sports and entertainment businesses, athletes and performers (e.g., actors and
musicians) are often subject to fines or are not called up for a particular game or show.
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problem, and states some basic features of optimal contracts in our set-up. Section 4
solves the model in the presence of an optimistic agent while section 5 assumes a
pessimistic agent. Section 6 solves the model in the presence of two further types of
biased agents allowed by the model. We name them “trusty” and “skeptical”. Section
7 presents a thorough welfare analysis of each of the new contracts and discusses the
main results on welfare and social value of workers’ biases. Section 8 concludes the
paper. All proofs are relegated to the appendix.

2. RELATED LITERATURE

Our paper contributes to the literature on subjective performance evaluation. Within
this literature the closest paper to ours is MacLeod (2003). He shows that when signals
are perfectly correlated the incentive constraints for the revelation of subjective infor-
mation are not binding and the optimal contract with subjective evaluation is the same
as the optimal principal-agent contract with verifiable information. In this case there
is no welfare loss due to the incentive constraints arising from subjective evaluation.
This is no longer the case when signals are imperfectly correlated. MacLeod (2003)
also shows that the agent’s ability to harm the principal can be an essential input into
an optimal contract with subjective evaluation. Furthermore, MacLeod (2003) shows
that a higher level of correlation between the parties’ information reduces the expected
level of conflicts in an optimal contract.

Our paper also contributes to the growing literature on the impact of biased beliefs on
the employment relationship.? In accordance with our results, this literature highlights
further cases where workers’ optimism or overconfidence may have positive welfare im-
plications. Hvide (2002) shows that worker overconfidence about productivity outside
the firm improves worker welfare. Bénabou and Tirole (2003) show that if a firm is
better informed about a worker’s skill than the worker, effort and overconfidence are
complements, then the firm has an incentive to boost the worker’s overconfidence by
offering low-powered incentives that signal trust to the worker and increase motivation.
Gervais and Goldstein (2007) find that a firm is better off with a team of workers who
overestimate their skill when there are complementarities between workers’ efforts. Fur-
ther, in this literature are a set of papers that, like ours, study the implications of the
presence of a biased agents on key contractual aspects. Santos-Pinto (2008, 2010) and
De la Rosa (2011) show how firms can design objective performance evaluation con-
tracts to take advantage of worker overconfidence about productivity inside the firm.
Fang and Moscarini (2005) and Santos-Pinto (2012) show that worker overconfidence
can lead to wage compression inside and outside the firm, respectively.

Finally, our paper contributes to the literature on exploitative contracting. Section 7
provides conditions under which the new contracts we derive do not necessarily feature

4We will focus on papers that use the principal-agent framework to model the worker-firm relationship.
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an “exploitative nature” in the sense of making the principal better off and the agent
worse off (compared to the case of an unbiased agent). When these conditions aren’t
met, however, the principal does ezploit the agent’s biased beliefs. Notable and related
contributions are Della Vigna and Malmendier (2004), Gabaix and Laibson (2006),
Eliaz and Spiegler (2008), Heidhues and Koszegi (2010), and Foschi (2017). Della Vi-
gna and Malmendier (2004) show how firms can design contracts to take advantage of
consumers with quasi-hyperbolic preferences. Gabaix and Laibson (2006) show how
firms can use base-good and add-on pricing schemes to exploit consumers who are un-
aware of the existence of the add-on. Eliaz and Spiegler (2008) study optimal dynamic
contracting when agents are uncertain about their own preferences (naive agents) at
the time of signing the contract, and they may be more optimistic than the principal
about the better state occurring. Heidhues and Koszegi (2010) study exploitative credit
contracts. Foschi (2017) studies the design of optimal contracts for naive agents in-
troducing the assumption that naiveté may depend on the ability agents are uncertain
about.

3. A BINARY MODEL OF SUBJECTIVE EVALUATION

In this section we set-up the model, define an optimistic (pessimistic) agent, formalize
the principal’s problem, and describe some basic features of optimal contracts in our
set-up.

3.1. Set-up. A risk neutral principal (she) offers a one period contract to an agent
(he). If the agent accepts, he chooses effort A € {\L, A} where ) is the probability
that output Y is realized. We let both As belong to [0,1] with A¥ > AL. The net
benefit to the principal is:
E(Il) = \Y — E(w)

where w are the dollar costs of employing the agent and return Y is always strictly
positive. We say that the result of the project is “good” (“bad”) if Y is (is not) realized.

When the agent exerts effort A, he obtains U(c, \) = u(c) — V(X), where ¢ is the
compensation for his work and V() is the cost of the effort exerted (with V/(Af) >
V(AL) > 0). In this paper we derive the optimal contract when the principal faces a
risk neutral agent and there is limited liability. Hence, we assume u(c) = ¢ and ¢ > 0.
We also assume that the agent has access to an outside option granting him .

Following MacLeod (2003), neither the outcome of the project nor the effort exerted
are observable. The outcome of the project generates separate private (and hence
subjective) signals for the principal and the agent. The principal observes a measure
of performance or signal T" and the agent observes a measure of performance or signal
S. Signal T has a realization t € {a,u} and signal S has a realization s € {a,u}.
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Realization a (u) corresponds to an “acceptable” (‘“unacceptable”) performance.” In

particular, we let v&¢ = Pr{T = |G} and vZ = Pr{T = t|B} be the probability that
signal T results in t € {a,u} when the outcome of the project is good (G) or bad (B)
respectively.

Assumption 1. Signal T' is positively correlated with the outcome of the project. That
18:
Yo >V and g <7/

The realization of signal S is described as a function of T'. Let P,s = Pr{S = s|T" = t}.
The unconditional probability of realizations ts to occur together in state G and B are
V& =Pr{T =t,8 = s|G} = Ps" and v2 = Pr{T =t,S = s|B} = P,,y2. This allows
us to derive the following probabilities, crucial for contracting:

e = Pr{T =1,8 = s|]\"} = My + (1= M)y
e =Pr{T =1,5 = s|]A"} = Xyl + (1 = M)y

Assumption 2. For any N, signals are positively correlated in the following sense:
’yg:a,yiu - ’ygu’yia >0
Assumption 2 has implications also on the conditional distributions of signals.

Lemma 1. Given the positive correlation of signals the following are true:
(i) ”ths = P Pr[T =t|V] = Ptsrg7
(i) PaaPuw — PauPua > 0,
(i) Puy > Pua and Py, > P,.
(iv) AT, + AT, =0, where ATy =T7 —TL.

3.2. The Origin of Disagreement. We assume that the agent and the principal agree
to disagree on the conditional distribution of S. In particular, we assume that, given
that the principal has observed T" = t, the agent’s perceived probability of observing
S = s is altered by some amount b,.

Assumption 3. Regardless of the effort exerted, the agent has biased beliefs such that:

Puy = Py + b,
Pow = Pou — bs
Puo = Pua+ by
Puu = Py — by

5The model allows for two different interpretations. The acceptable or unacceptable performance may
be either the agent’s or the project’s overall.
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ba S [_Paaa Pau] bu S [_Pum Puu] ‘6

This modelling of the bias is more general than it seems at first glance and it allows
us to study several different forms of bias observed in the lab. To distinguish among
these cases we present the following definitions. Of course the list of cases we are going
to study is not exhaustive. We start by stating the definition of agent optimism (and

pessimism) in this model.

Definition 1. The agent is “optimistic” if he overestimates the probability that his
signal is acceptable given the realisation of the principal’s signal, i.e., if b, and b, are
positive.

Definition 2. The agent is “pessimistic” if he underestimates the probability that his
signal is acceptable given the realisation of the principal’s signal, i.e., if b, and b, are
negative.

The cases of agents with biases such that b, < 0 < b, and b, < 0 < b,, that we define
as “trusty” and “skeptical” respectively, are studied later on in section 6.

As described in its definition, the nature of optimism is for an agent to overestimate
the probability that his performance is deemed “acceptable.” In fact, denoting the
biased probabilistic beliefs of the agent with Pr{-}, from basic probability theory we
get:

Pr{S = a|N} =Pr{S = a|T = a} Pr{T = a|N} + Pr{S = a|T = u} Pr{T = u|V}
=Poal + Pl
=Pr{S = a|N} + b,I7 + b,

which is increasing in both b, and b, for any j = H, L.”

A second aspect that needs attention is how the bias of the agent affects his be-
liefs about the correlation between the two signals. Overconfidence in calibration is
another well documented psychological phenomenon. Most people, even experts, over-
estimate the precision of their estimates and forecasts (Oskamp, 1965; Fischhoff, Slovic,
and Lichtenstein, 1977; Lichtenstein, Fischhoff, and Phillips, 1982; Wallsten, Budescu,
and Zwick, 1993; Barberis and Thaler, 2003). Overconfidence is important in personal
and business decisions (e.g. Russo and Schoemaker, 1992; Grubb, 2009). Overcon-

fidence also matters for investment and financial decisions. Daniel, Hirshleifer, and

5The posed boundaries are needed for all P;, € [0,1] to hold.
TAn alternative formulation for the bias would be to simply let
Pr{S = a|N} = Pr{S = a|N} +b.

An alternative definition of optimism emerges. One could, in fact, define an optimistic agent as one
where b, I/, + b,I'7 = b > 0. Our formulation and definition, however, is more general and allows for
the study of more complicated beliefs.
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Subrahmanyam (1998, 2001)Daniel, Hirshleifer, and Subrahmanyam (1998, 2001) show
that overconfidence can lead to excess volatility and to predictability of stock returns.
Scheinkman and Xiong (2003) show that it can lead to financial bubbles. While the
majority of individuals are overconfident, a minority is underconfident.

Definition 3. The agent is overconfident if he overestimates the correlation between

signals, i.e., if
’?ia’?{m - 75@?@ Z 72&73@ - /y{zu’}/'ﬁla = ba > bu (]-)

Definition 4. The agent is underconfident if he underestimates the correlation between

signals, i.e., if b, > b,.

An agent’s level and direction of confidence has implication on the believed direction
of the correlation between signals. Given Assumption 2, an overconfident agent always
believes signals to be positively correlated. An underconfident agent, instead, may
underestimate the correlation between signals to the point of believing that 7" and S
are negatively correlated. Given Lemma 1, an effort level M, biases b, and b, imply
the following for every t:

o = f’mF{ = (P + bt)F{
T = Pul] = (Pu — b)T}
Lemma 2. Given Assumption 2, when an agent has a bias that satisfies:
by = ba < Pag — Prua, (2)
he believes signals to be positively correlated, i.e., 72 3 — 42 4 > 0.

If (2) fails, a biased agent has beliefs that satisfy 72,57 — 4/ 47 < 0 and expects
signals to be negatively correlated.

To complete our classification of the types of bias, notice that an optimistic (pes-
simistic) agent can be either over or underconfident depending on the parameters.®
3.3. The Principal’s Effort Implementation Problem. In the model, a contract
is a set {Wys, Cis}t,se{au}, Where both the agent’s compensation, ¢, and the principal’s
dollar cost of employing the agent, w, may depend on the realization of 7" and S. The
principal is assumed to be perfectly informed about the agent’s biased beliefs. The
objective of the principal is to incentivize the agent to exert the level of effort that
maximizes profits. Following Grossman and Hart (1983), we know that this problem
can be divided in two steps. First, deriving the minimum cost £*(w|A) of implementing

8We show later on that, given our assumptions, the only type of agent who is always overconfident is
the trusty type. Further, optimistic, pessimistic, and skeptical agents can all believe that correlation
is negative, under some parameter conditions.
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a certain A and then solving maxy A\Y — E*(w|A). The rest of this paper is focused on
minimizing the cost of implementing the high level of effort for different types of agents.

By the revelation principle, it is sufficient to consider only contracts where both
parties have an incentive to reveal their private information in equilibrium. Hence, the

principal faces the following constrained minimization problem:

min waa7gz + wau'ygf"wualyqﬁ + wuu'Yii (3)
{wa’CtS}t,se{u,a}
st Y adit-VN) > a (PC)
ts
Y adit -V =D adlh - V() (1C)
ts ts
waa%{i + wau'ygl < wua7£ + wuquL (TRQP)
wua%ﬁz + wuumﬁ < waa%ﬁ + wau%ﬁa (TR$>
Caa:YZz + Cua:ﬂi{z > Cau:ygl + Cuﬂﬁ; (TR%>
Cau Vi + CuuVhy > Caa Vit + CuaVie, (TRY)
Wi > s > 0 Vi, s € {a,u}. (LLys)

The first two constraints are the classical participation and incentive compatibility
constraint. They ensure that the agent is willing to accept the contract, (PC'), and
to exert high effort instead of low effort, (IC). Constraints (T'R}) are called truthful
reporting constraints for the principal, they ensure that she is willing to truthfully report
t when she observes T' = t. Similarly, (T'R%) are the truthful reporting constraints for
the agent, they ensure that he is willing to truthfully report s when he observes S = s.
Last, is a set of four constraints that ensure limited liability on the side of the agent
(cis > 0) and feasibility (wys > ¢45).

Before deriving the optimal contract for the different types of agent, let us state the
final assumption of our model. We require @ to be small enough. This assumption
implies that (PC') is satisfied and improves the tractability of the problem.

Assumption 4. Let
VAN — VAT

u <
U= AT, (4)

Given Assumption 4, and the limited liability assumption, the (/C') implies that the
(PC) is satisfied. Therefore we disregard the (PC') in the solution of the problem and
check that it holds afterwards. We present this in Corollary 1.
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{wts,cfﬂiﬂe{u,a} WaaVanFWau Yoy + WaaVay + WanVoy (5)

st > adit =V 2> adfh - V() (IC)
ts ts

Waa Vet + Wau Ve, < WauaVlh + Wau vl (TR)

Waa Ve, + Wau VL, < Waa v + wauv, (TR})

Caa¥ih + CuaVhy = Cauoy + CuuViy (TR%)

CauTit, + CunVay = CaaVon + Cua Vi (TRY)

Wi > s > 0 Vt, s € {a,u}. (LLys)

Before splitting the analysis for the resulting optimal contract for each type of biased
agent, we present a set of findings on problem (5) which are valid for biased as well as
for unbiased agents.

3.4. Basic Features of Optimal Contracts. In order for the truthful reporting
constraints to hold, it cannot be always optimal for a party to report a certain signal
realization. To see this, consider an agent who observes S = a. If both ¢,, > ¢4, and
Cua = Cyy With at least one holding with inequality, it is always optimal for the agent to
report a, regardless of the actual realization. Hence, in order for the (T'R4) constraints
to hold, the two inequalities cannot have the same (strict) sign. A similar discussion
holds for the principal and wages. Since the principal wants to pay the lowest possible
wage, the direction of the inequalities must to be such that the wages are the lowest
when the signal realizations are identical, i.e., t = s, the most probable outcome given

that signals are positively correlated. This produces the following Lemma.

Lemma 3. Given Assumption 2, any optimal contract implementing high effort features

either (i) Wyq = Waa aNd Way = Wyy 0T (11) Wy > Waa AN Wy > Wy,

Similarly, since the agent wants to obtain the highest possible compensation, if he
believes signals are positively correlated, then the direction of the inequalities must to
be such that the compensations are the highest when ¢ = s, the most probable believed

outcome.

Lemma 4. If the agent believes signals are positively correlated, i.e. (2) holds, then any
optimal contract implementing high effort features either (1) Coq = Cou and Cyy = Cyq 0T

(1) Caa > Can ANA Cyyy > Cyq-

These first two Lemmas are already enough for us to state the first Proposition of
the model, which confirms one of the main results of MacLeod (2003) for an agent who
believes signals are positively correlated, namely, that unless there is a deadweight loss
it is impossible to implement high effort.



11

Proposition 1. If the principal wishes to implement high effort and the agent believes
signals are positively correlated, then there ought to exist at least one combination of
realizations of t and s where wys > Cys.

To understand fully Proposition 1 notice that intuitively the principal always has the
incentive to report that the performance of the project (and of the agent) is unaccept-
able, while the agent always has the incentive to report the opposite. If the principal
and the agent play a constant sum game, these incentives are the only ones present
and truthful reporting becomes impossible. We define the expected deadweight loss
from using a subjective performance evaluation contract that implements high effort
as ), (wis — Cts)Vis -

As one of the main results of our paper shows, however, Proposition 1 does not
always hold for an agent who believes signals are negatively correlated. The basic
characteristics of the contract, in fact, change as outlined in Lemma 5 below and

produce the findings studied in section 4.2 and following.

Lemma 5. If the agent believes signals are negatively correlated, i.e., (2) fails to hold,
then any optimal contract implementing high effort features either (i) coa = Cau and

Cuuw = Cua OT (1) Caq < Cau aNd Cyy < Cyq.

Lemma 4 shows that if the agent believes signals are positively correlated, then the
principal might opt for designing an optimal contract where, taking as given her signal
realization, the compensation is higher in the agreement cases than in the disagreement
cases, i.e., a contract with c,, > ¢4, and c,, > cue. Lemma 5 shows that the opposite
happens when the agent believes signals are negatively correlated. In this case the
principal might opt for designing a contract where, taking as given her signal realization,
the compensation is higher in the disagreement cases than in the agreement cases, i.e.,
a contract with c,, < ¢4 and ¢, < cyue. This follows the exact opposite intuition of

Lemma 4.

4. OPTIMAL CONTRACTING WITH AN OPTIMISTIC AGENT

In this section we derive the optimal contract for an optimistic agent. We separate
the analysis into two subcases: an optimistic agent who believes signals are positively
correlated and one who believes signals are negatively correlated.

4.1. Optimistic Agent who Believes Signals are Positively Correlated. We
start by considering the case of an optimistic agent who believes signals are positively
correlated. This happens when

b, >0, b, >0, and b, — b, < P,, — Pya.

Note that an optimistic agent who believes signals are positively correlated is under-
confident when b, < b, and overconfident when b, > b,.
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In order to solve problem (5) when the agent believes signals are positively correlated
we present a set of Lemmas in the appendix that select the binding constraints for this
case and reduce the choice variables of the problem to simply: c,, and c4,. All together
this reduces the problem to:

100 Caq(Yaa) T + Vaa Vua Vo + Vane Vaas Yoo — Yau Vau Vua)
+ cauw (VoA E A + A I I — AEAEAL + AEAEAE) (6)
,'?H ;yH
s.t. Caa (A:Yaa + %Ai/uu) + Cau (A:yau - T?Af?uu) 2 AV ([C)
~H
Caa < (1 + 7—?,“) Cau (7)
~H
Caa Z Cau7 (8)

where AV = V(M) — V(A\F). The last two conditions ensure that (T'R%) and (T R%)
hold respectively. If they hold with equality, the corresponding constraint is binding.
The next Proposition presents a condition that selects the binding constraints of (6).
Compared to the Lemmas in the appendix, this Proposition is far more important.
Combined with Proposition 3, it presents a result original to our model. That is, as
we show later, the existence of a new contract where the principal’s wage cost is only
determined by the agent’s performance evaluation, as opposed to the baseline contract
in the literature where the wage is determined by both parties’ performance evaluations.

Proposition 2. Let the agent believe that signals are positively correlated. If the agent

has beliefs that satisfy:

(Paw = ba) (1 = T) TG (Pao — Pua) ©)
(ba = Paul'd) (Paal'§ + Pual'l))

then the optimal contract implementing high effort features c,o > Cou, (T'R%) slack

and (T'R}) binding. If the agent has beliefs that violate (9), then the optimal contract
implementing high effort features .o = Cou, (T'R%) binding and (T'RY%) slack.

Proposition 2 follows from a graphical analysis of the problem. Figure 1 below shows
the three constraints binding in (cuu, Caa) space and highlights the set of contracts
satisfying all constraints of (6) — and therefore of (3).

In order to understand whether at optimum it is the (T'R%) or the (T'RY%) that bind,
and therefore where does the optimal contract lie in Figure 1, we study the sign and
magnitude of the slope of the iso-costs and the (IC'). Hence, Proposition 2 shows that
the optimal contract lies either at point X or Y of Figure 1 depending on the how do
the slope of the (IC') and of iso-cost compare.

From this analysis we can also derive the optimal contract offered to an unbiased

agent, which we refer to as the Baseline Performance Evaluation (BPE) contract

{wy,, Cz‘s}t,s=a,u-
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Cau

F1GURE 1. The shaded area represents the set of contracts satisfying all
the constraints of (3).

Proposition 3 (BPE Contract). If the agent has unbiased beliefs, then the optimal

contract implementing high effort is given by:

* % * % * * _ Caa
Wao = Caa Wau = Caa Wyu = 0 Wyq = Paa
x _ AV * ok * *
Caa — Al Cau Caa Cuu - 0 Cua - O

The BPE contract features:

(i) a wage that depends on both parties’ performance evaluations;

(ii) a compensation that only depends of the principal’s performance evaluation (a
compensation that is independent of the agent’s performance evaluation);

(iii) a deadweight loss when the principal deems unacceptable a performance deemed
acceptable by the agent;

(iv) no wage and no compensation when both parties deem the performance unac-
ceptable;

(v) no compensation when the principal deems the performance unacceptable.

The above replicates the standard result of the literature with unbiased agents (&
la MacLeod, 2003) and it provides us with a basis of comparison for the contracts
derived hereafter. The key features of the BPE contract are as follows. First, the
principal’s wage cost depends on both parties’ performance evaluations. Second, the
agent’s compensation depends only on the principal’s performance evaluation. Third,
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there is a deadweight loss when the principal deems unacceptable a performance deemed
acceptable by the agent.

We now present a set of results that show how, in the presence of an optimistic agent,
the principal may find it optimal to offer the agent either the baseline contract or a
new contract that makes different use of information and takes advantage of the agent’s
bias — which we call the Agent’s Performance Evaluation (APE) contract. The APE
contract is original to the present model.

Proposition 4. If the agent is optimistic, believes signals are positively correlated,
and has beliefs that violate (9), then the optimal contract implementing high effort is
gwen by {wiy, ;s s—au where both wages and compensations equal the ones of the BPE

contract, i.e., ¢, = ¢;; and wy, = wy, Vt,s = a,u.

Proposition 4 shows that the optimal contract for an optimistic agent is the same
as that for an unbiased agent when the optimistic agent believes signals are positively
correlated and his bias is small.

Now suppose (9) holds. In this case the APE {w)],, ¢l }; «q.u is set at optimum. This
new contract differs qualitatively from the BPE contract as we discuss below.”

Proposition 5 (APE Contract). If the agent is optimistic, believes signals are posi-
tively correlated, and has beliefs that satisfy (9), then the optimal contract implementing
high effort {wl., el }t —an is given by:

T =t T —f T T — of
waa - Caa wau - Cau wuu - Cau wua - Caa
~H D H
T At Yuw T — AV P, 9“1—‘% oo At -
Caa Cau 1 + ﬁgfu Cau AT, paupgl_,_puu(paa_pgl) Cuu Cau Cua 0.

The APE contract features:

(i) a wage that only depends of the agent’s performance evaluation (a wage that is
independent of the principal’s performance evaluation);

(ii) a compensation that depends on both parties’ performance evaluations;

(i) a deadweight loss when the principal deems unacceptable a performance deemed
acceptable by the agent;

(iv) a wage and a compensation when both parties deem the performance unaccept-
able;

(V) mo compensation when the principal deems unacceptable a performance deemed
acceptable by the agent.

Proposition 5 shows that if the optimistic agent believes signals are positively cor-
related and his bias is large, then the optimal contract is very different from the BPE
9Notice that, if condition (9) holds with equality, the slopes of the IC' and isocosts are identical and

the problem has many solutions. In particular any point lying between X and Y in Figure 1 solves
problem (6). At this point of indifference, we assume the principal sets up a APE contract.
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contract described in Proposition 4. The key differences are as follows. First, the
principal’s wage cost depends only on the agent’s performance evaluation. Second, the
agent’s compensation depends on both parties’ performance evaluations. Third, the
agent’s optimism reduces the deadweight loss associated with SPE. Next we provide
the economic intuition behind these key differences.

In the BPE contract in Proposition 4 the principal’s wage cost depends on both
parties’ performance evaluations. Moreover, the only role played by the agent’s perfor-
mance evaluation signal is to provide incentives for truthful revelation by the principal
through the imposition of a deadweight loss when the principal deems unacceptable a
performance deemed acceptable by the agent. In other words, the threat of conflict
ensures that the principal has an incentive to reveal favorable observations that result
in higher compensation to the agent. Hence, the possibility of a deadweight loss makes
the agent’s performance evaluation signal valuable in the sense of Holmstrom (1979).*
In contrast, in the APE contract in Proposition 5 the principal’s wage cost only de-
pends on the agent’s performance evaluation signal. The intuition behind this result is
as follows.

In the APE contract the agent’s performance evaluation signal is still valuable in the
sense of Holmstrom (1979). However, when the optimistic agent believes signals are
positively correlated and his bias is large, i.e., the optimistic agent’s beliefs satisfy (9),
the principal can decrease her expected cost of implementing high effort by increasing
the correlation between the wage and the agent’s signal. The principal can do that
by increasing the wage when both parties deem the performance acceptable, a state
overestimated by the agent, and lowering the wage when the principal deems acceptable
a performance deemed unacceptable by the agent, a state underestimated by the agent.
The principal exploits the agent’s bias maximally by making the wage depend only on
the agent’s signal.

In the BPE contract in Proposition 4 the agent’s compensation only depends on
the principal’s performance evaluation signal. This result follows from the fact that
the principal’s signal is more informative than that of the agent, combined with the
linearity of the incentive constraints.'' In contrast, in the APE contract in Proposition
5 the agent’s compensation depends on both parties’ performance evaluation signals.
On the one hand, we still have the old effect, namely, the fact that principal’s signal
is more informative than that of the agent and therefore the principal wants to use
it to compensate the agent. However, for an optimistic agent with beliefs that satisfy
(9), the agent’s signal, while being less informative than that of the principal, allows

the principal to exploit the agent’s bias by increasing the agent’s compensation when

10According to Holmstrom (1979), pp.83: “A signal y is said to be valuable if both the principal and
the agent can be made strictly better off with a contract of the form s(z,y) than they are with a
contract of the form s(x).”

"Here the term “more informative” is used in the sense defined by Blackwell et al. (1951, 1953).
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both parties deem the performance acceptable, a state overestimated by the agent, and
lowering the agent’s compensation when the principal deems acceptable a performance
deemed unacceptable by the agent, a state underestimated by the agent. The optimal
compensation in Proposition 5 results from this trade-off between informational effi-
ciency and exploitation of the agent’s bias. We discuss more about the information
efficiency of each contract in section 7.

In order to fully describe and study the optimal contract we now present a graphical
representation of the feasible portion of (b,, b,) space for an optimistic agent. Figure
2 below identifies the type of contract an optimistic agent is offered for any (feasible)
value of his bias. The b, > b, condition (that ensures overconfidence) is represented
by the dotted 45° line. From the Figure, we see that the area where the APE is set
optimally crosses the b, = b, line. In the proof of Proposition (5) we formally prove
the shape of the area where the APE contract is set up.

Puu e .

Underconfidence

- BPE

T
Py FaH Pou b
a

FIGURE 2. The area delimited by the solid curve on the right in the
figure identifies the portion of the parameter space where a contract of
the type described in Proposition 5 is set optimally. That is, when the
presence of optimism generates a new contract compared to the case of
an unbiased agent. The two dotted lines crossing the quadrant represent
the condition for overconfidence (the one below) and the condition for
beliefs to satisfy (2) (the one above). This specific graph was obtained
for (Paa, Puu,Ff) = (0.7,0.5,0.6). Its shape, however generalises to all
feasible parameter values. The size and position of the area where the
APE contract is offered is unaltered.



17

First of all, notice that when b, = 0 and b, = P,, the agent believes that there is
no chance that he will receive a signal of an unacceptable performance conditional on
the principal deeming it acceptable, i.e., he believes that conditional on T'=a, S = u
is not possible. Upon observing S = u, he believes fully his signal’s realization and
thinks that the principal has observed exactly the same. Intuitively, this is the case
where the principal can exploit the most the agent’s optimism. The agent, in fact,
has no “suspicion” that the principal may have observed a, while in reality this may
very well be the case. Hence, as we show in section 7, the agent’s compensation for an
acceptable performance becomes cheaper with an APE contract compared to a BPE
contract (cf, < c,).

4.2. Optimistic Agent who Believes Signals are Negatively Correlated. Con-
sider now the case of an optimistic agent who believes signals are negatively correlated.
This happens when

b, >0, b, >0, and b, — b, > P,y — Pua.

Note that an optimistic agent who believes signals are negatively correlated is always
underconfident since b, — b, > P,, — P,, and P,, > P,, imply b, > b,.

When an optimistic agent believes the signals are negatively correlated, the compen-
sation scheme of the contract has to subdue to different properties in order to satisfy
truthful reporting. In the previous section we proved, in fact, that Lemma 4 does not
hold any longer. On the contrary, the optimal contract must satisfy Lemma 5.

In order to solve problem (5) when the agent believes signals are negatively correlated
we present a set of Lemmas in the appendix that select the binding constraints for this
case and reduce the problem to:

MiD CaqVanFWauVay + Wua Yoy (10)
{wtsvcts}t,se{u,a}
. - AV
1. aaPaa au (Pau - FH) > _FH Ic
s c +c y AT, Lu (1C)
Pau
Wau 75— S (wua - Caa) (TR(IZD)
Puu
(wua - Caa) S Way (TR%)
Cau 2 Caa (TRZ)
Wya 2 Cua 2 O (LLUG)
Waa, 2 Cau Z O (LLGU)

The study of the solution of (10) is longer and more complicated than the solutions
to (6). First of all, notice that this time we have ¢,, = 0 (Lemma 14 in appendix A).
When the agent believes signals to be negatively correlated the “disagreement” payoff
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is given by the cases where the realization of 7" and S are the same. In particular if
the agent observes S = u, he believes that the principal has observed T' = a and is not
easily convinced that T = wu instead.

The first implication of the above, is that the proof of Proposition 1 does not hold any
longer. That is, under some conditions, the bias of an agent who believes signals to be
negatively correlated is such that the existence of a deadweight loss is not a necessary
condition for the implementation of high effort any longer. Further, as we show later,
there exists a portion of the parameter space where the optimal contract does not, in
fact, feature a deadweight loss. This is, however, not the case for an optimistic agent.
While there may exist equilibrium contracts different from the standard one for an
agent with beliefs violating (2), they are never optimal when the agent is optimistic.

Proposition 6. If the agent is optimistic and believes signals are negatively correlated,
then he s assigned the BPE contract.

In the proof of Proposition 6 we show how the conditions for potential new contracts
to be assigned can never be satisfied if the agent is optimistic and believes signals are

negatively correlated.

5. OPTIMAL CONTRACTING WITH A PESSIMISTIC AGENT

In this section we derive the optimal contract for a pessimistic agent. We separate
the analysis into two subcases: a pessimistic agent who believes signals are positively

correlated and one who believes signals are negatively correlated.

5.1. Pessimistic Agent who Believes Signals are Positively Correlated. A pes-
simistic agent who believes signals are positively correlated has beliefs such that

b, <0, b, <0, and b, — b, < P,, — Pya.

Note that Lemmas 3 and 4 and Proposition 1 hold for this case. As the next Proposition
states, however, no pessimistic agent who believes signals are positively correlated is
assigned the APE contract.

Proposition 7. A pessimistic agent who believes signals are positively correlated is
always offered the BPE contract.

5.2. Pessimistic Agent who Believes Signals are Negatively Correlated. A

pessimistic agent who believes signals are negatively correlated has beliefs such that
b, <0,b, <0, and b, — b, > P,y — Pya.

Following up on the discussion started in section 4.2 we derive the optimal contract
for a pessimistic agent who believes signals are negatively correlated. We show how it
can take two new forms, the Performance Evaluation Disagreement Deadweight Loss
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(PED-DL) contract and the Performance Evaluation Disagreement No Deadweight Loss
(PED-NDL) contract. We are going to present each new contract in a Proposition.'?
As already anticipated in section 4.2, when the agent believes signals are negatively
correlated, the existence of a deadweight loss is not a necessary condition for the imple-
mentation of high effort any longer. It can, however, still be take place under certain

conditions, as the next result shows.

Proposition 8 (PED-DL Contract). If the agent is pessimistic, believes signals are
negatively correlated, and has beliefs that satisfy

buPull = b P > PLTY — Py PualY (11)
and
ba < _PaaFI/{; (12>

then the optimal contract implementing high effort {ws, Cis }t s—au s given by:

A . A oA ~ o A — Paun
Waa =0 Way = Cau Wyy =0 Wyq = P Cau
A s _ Ay Tf S 5 — Haan

Caa =0 Cou= ap, 7 7H Cuw =0 Cus = 3H Cau-

The PED-DL contract features:

(i) a wage that depends on both parties’ performance evaluations;
(ii) a compensation that depends on both parties’ performance evaluations;
(i) a deadweight loss when the principal deems unacceptable a performance deemed
acceptable by the agent (unless (11) holds with equality);
(iv) a wage and a compensation when the parties disagree on their performance
evaluations (no wage and no compensation when the parties agree on their per-

formance evaluations).

This result show that if the pessimistic agent believes signals are negatively correlated
and has a large bias, then the optimal contract is very different from the BPE contract
described in Proposition 4. The key differences are as follows. First, the principal’s wage
cost and the agent’s compensation depend on both parties’ performance evaluations.
Second, there is a wage and a compensation only when the parties disagree on their
performance evaluations. Next we provide the economic intuition behind the PED-DL
contract.

When the agent believes that signals are negatively correlated two very similar and
connected effects take place: (i) he believes "au” and "ua” more probable than ”aa”
and "uu” (at least jointly) and (ii) his believed most probable events are the symmetric
opposite of the ones believed by the principal. Hence, it is straightforward to see why
a pessimistic agent who believes that signals are negatively correlated never accepts a

127he proofs are presented as one in the appendix.
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APE contract. First, he rarely expects to obtain cf,. Second, he is not willing any
longer to accept a contract that features c,, = 0. Therefore, in order for the PED-DL
contract to be optimal, the latter has to be feasible and has to implement high effort
with a lower cost than then BPE contract.

Similarly to the APE contract, the principal can take advantage of the agent’s bias
in order to decrease the expected wage paid. While the agent expects the cases of
(T,S) = (u,a) (T,5) = (a,u) to be the most likely, the principal knows that that is
not the case. She is therefore happy to offer the agent a positive ¢,, and a larger c,,
(compared to the BPE case) in exchange for a lower c,, and/or c,,.'3

Hence, just as in the case of the APE contract, the principal is “speculating” on the
disagreement by increasing the compensation of the agent in states he wrongly deems
more probable and decreasing it in states the agents wrongly deems less probable.
The fact that they do not disagree only on the extent of the correlation any longer
but now also on the direction of it, opens up to a “stronger” manipulation of the
standard contract, compared to the switch from BPE to APE. This brings the result
of Cuy = Cyuy = 0.

Obviously, the above has to be feasible, i.e. the agent has to be biased enough to
accept such a manipulation compared to the BPE contract, and optimal, i.e. the PDE
contract has to implement high effort at a lower cost. These are precisely the meanings
of condition (11) and (12). Condition (11) requires the agent to be biased enough
to accept a PDE contract while (12) requires the agent to be biased enough for the
principal to find it optimal to offer a PDE contract. To better understand the meaning
of, and intuitions behind the, conditions let us represent them in in (b,, b,) space.

Start by noticing that (11) may imply (12) under some parameter conditions, but
the reverse is never true. Figure 3 represents the two conditions for the case of
(Paa,Pw,Ff) = (0.7,0.5,0.6)."

Condition (12) poses a restriction only on b,, requiring it to be negative and low
enough. Intuitively, the “more negative” is b, the lower is P,, and the less the agent
expects (1,5) = (a,a) to take place. When (12) holds, the bias of the agent is such
that the principal has the incentive to speculate as described above. In other words,
]5au is large enough for her to be able to offer a new contract with a lower c¢,,, and higher
Cqq satisfying all the constraints of the problem. Whether the agent sees through this

“deception” or not, depends on the restrictions posed on b, and b, by (11).

I3We prove that this is indeed the case in Proposition 10.

HMgimilarly to what we discussed in section 4.1, if condition (12) holds with equality, the slopes of
the IC and isocosts are identical and the problem has many solutions. In particular any point lying
between X and Y in Figure 12, presented in the proof, solves the principal’s problem. At this point
of indifference, we assume the principal sets up a PED-DL contract.
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FIGURE 3. In the Figure we represent conditions (11) and (12). Together
they define the area where a pessimistic underconfident agent is assigned
an PED-DL contract. The dotted line crossing the quadrant represents
(2). In the Figure, we assume (Paa, P, I’f) = (0.7,0.5,0.6).

While a negative enough b, ensure the profitability of a PDE contract, the agent
may reject such a contract if his b, is negative or in general low enough. To see this,
notice that the smaller is b,, the less the agent expects (T, 5) = (u,a) to take place,
an the more he expects (T,S5) = (u,u) to take place. Since the (T,5) = (u,u) grants
him a zero compensation under a PDE contract, the latter becomes unfeasible. Hence,
for a given (negative) b, the agent has to have a large enough b,. To see why this is
reflected in the Figure, consider the area where the PED-DL is set in Figure 3 (and
also in Figure 5 and 6 in section 6 below). Notice that it is at its largest when b, is
large and positive and b, is large and negative. This is precisely when the disagreement
on correlation is at its maximum since Paa and Puu are close to zero.

Before going ahead, notice that a key aspect of this contract relies in the full im-
plementation of both signal 7" and signal S. The disagreement about the correlation
between the signals allows the principal to design contracts that take advantage of both
information sources. This is confirmed in the next type of contract as well.

As we mentioned already, this paper shows how the classical result of Proposition
1 does not necessarily hold in the presence of an agent who (wrongly) believes signals
to be negatively correlated. This is originated by the disagreement on the direction of
the correlation.!® To see this, suppose the agent observes S = a and that he believes
signals to be negatively correlated. Two opposed effects take place. Clearly the agent

157t would, in fact still hold if the true correlation were negative and the agent and principal agreed
on it.
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would be very happy to hear the principal reporting 7" = a, but what happens if the
principal reports T' = u? On the one hand, the agent is upset because the principal
deems his performance unacceptable, and therefore would like to punish her in general.
On the other hand, however, the agent expects T' = u because she believes signals to
be negatively correlated! So he is less prone to punish the principal because he is more
convinced that T" = w is indeed the truth. Has already explained above, the principal
takes advantage of this by setting ¢,, = 0. When the agent reports S = a, he knows
that if the principal reports 1" = a, he will get no compensation at all. This makes the
agent (i) willing to report S = a only when it is indeed true, (ii) less prone to punish
the principal compared to the positive correlation case. Under some particular levels of
bias, this effect is so strong that the presence of a deadweight loss case in the contract
is not a necessary condition for its implementation any longer. This is highlighted in

the following proposition.

Proposition 9 (PED-NDL Contract). If the agent is pessimistic, believes signals are
negatively correlated, has beliefs that violate (11) but satisfy

buPuuFi{ - baPuaFaH > PaaPuaFaH - PuuPuaFuH (13)
and b TH
Pua + uF
ba < _Paa . ’ 14
< (T Ss) .

then the optimal contract implementing high effort {wj,, ¢}, }t s—au s given by:

~r ~r oA nr .
Wy, =0 Wy, = Cau w,,, =0 W,, = Cua
o AV i d =0 & = ‘/ﬁlé
au ATq Pyy—TH uu ua 5H “au-

g
Cog = 0

The PED-NDL contract features:

(i) a wage that depends on both parties’ performance evaluations;
(ii) a compensation that depends on both parties’ performance evaluations;
(iii) no deadweight loss;
(iv) a wage and a compensation when the parties disagree on their performance
evaluations (no wage and no compensation when the parties agree on their per-

formance evaluations).

Proposition 9 shows that there exist PED contracts which do not involve a deadweight
loss. Identifying the set of parameter values under which a PED-NDL contract is
feasible and optimal is no easy task because of the several conditions behind it and
the fact that none of them implies any of others for all parameter values. In Figure
4 below, we plot the area where a PED-NDL contract is feasible and optimal for
(Paas Pty TH) = (0.7,0.5,0.6).
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(13)

FIGURE 4. In the Figure we represent conditions (11), (13), and (14).
Together they define the area where a pessimistic underconfident agent
is assigned an PED-NDL contract. The bullet indicates the point where
(14) becomes tighter than (13). The dotted line crossing the quadrant
represents (2). In the Figure, we assume (Paq, Py, ') = (0.7,0.5,0.6).

While condition (13) and (14) play the exact same role for a PDE-NDL contract as
(11) and (12) do for a PDE-DL contract, the requirement of (11) to fail needs attention.
In the proof of Proposition 9 we show how condition (11) determines whether the
LL,, or the TR% is more stringent in problem (10). When (11) holds, the TR% is
more stringent and the contract must feature a deadweight loss. When it fails, the
contract features no deadweight loss. In other words, condition (11) failing together
with condition (13) identify an area where an agent who disagrees with the principal
on the correlation of signals has a bias such that he does not need to be able to punish
the principal under any realization of 7" and S.

It is possible to show that a PED-NDL contract may be unfeasible for all b, and b,
under some parameter conditions.'® This implies that the presence of a (particularly)
biased agent may not be enough for the principal to be able to set up a contract without
a deadweight loss. The proofs show that in any portion of the feasible (b,,b,) space
for a pessimistic agent who believes signals are negatively correlated where none of the
PED contracts is assigned, the BPE contract is assigned instead.

To conclude this section, let us state the promised Corollary to the Propositions of
section 4 and 5, showing that the (PC) is satisfied by all the contracts derived when
Assumption 4 holds.

16For example for the same parameters of Figure 4 but 'Yl = 0.25, PED-DL is the only feasible and
optimal contract other than the BPE assigned to a pessimistic underconfident agent with beliefs that
violate (2).
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Corollary 1. Given Assumption 4, all the potentially optimal contracts derived satisfy
the (PC) constraint, which is therefore slack.

6. OTHER ForMS OF BIASES — TRUSTY AND SKEPTICAL AGENT

In this section we study two further possible cases of agent’s type allowed by the
model. We call trusty, for his nature to agree with the principal’s view, an agent with
b, > 0 > b,. On the other hand, we call skeptical, for his nature to disagree with the
principal’s view, an agent with b, > 0 > b,. We show in the following how a skeptical
and a trusty agent may be offered only the type of contracts derived so far.

By studying the proofs of the Propositions proven so far, it is possible to see that none
of the conditions derived change in the presence of a trusty or skeptical agents. This
originates Figure 5 and Figure 6 where the entire parameter space (b, b,,) is partitioned
in the areas where each of the contracts derived so far is optimal. While the condition
for optimality of the APE contract has a clear shape (see the proof of Proposition 5)
the existence and shape of the areas where the PED contracts are set optimally are
not constant for every value of (Paa, P, TH ) This is because of the nature of the
conditions behind the optimal contract for an agent who believes signals are negatively
correlated. We therefore present two possible alternative parameter configurations. In
Figure 5 we assume (Paa,Puu,Ff) = (0.7,0.5,0.6). In Figure 6 we assume assume
(Paa,Puu,Ff) = (0.6,0.5,0.35).

Figure 5 shows a set of parameters that allows for the possibility of a contract featur-
ing no deadweight loss to be assigned to a particularly biased agent. On the other hand,
Figure 6 displays a situation where the correlation between signals (and the probability
of the principal to deem the performance acceptable under high effort) are such that
there is no type of agent that would accept a PED contract without a deadweight loss
and exert high effort. A further difference between the two figures is that in Figure 5
condition (12) does not bind when delimiting the area where PED-DL is set, while it
does in Figure 6.

7. WELFARE AND THE SOCIAL VALUE OF BIASED AGENTS

In this section we present a welfare analysis and prove formally that some types of
the agent’s bias may be socially desirable. That is, compared to the BPE contract,
they lead to new contracts that increase social welfare.

Since the BPE contract is the only contract of equilibrium for an unbiased agent,
we compare the welfare and efficiency of the new contracts to the ones of the BPE
contract. Further, since a APE is the only other potentially optimal contract for an
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Skeptical Optimistic

Pessimistic o —Pua Trusty

FIGURE 5. The Figure assumes (Paa, Py, Ff) = (0.7,0.5,0.6). We high-
light in colours the areas where each contract derived so far is set opti-
mally. The BPE contract is set up in the areas without a coloured con-
tract acronym. The bottom dotted line crossing the graph split the space
in overconfident (below the 45°) and underconfident (above it). The top
dotted line crossing the graph split the space between agents who believe
signals to be positively correlated (below the line) and those who believe
T and S are negatively correlated (above it) ~=PED-NDL.

optimistic or trusty agent and the PED contracts can only be set up for pessimistic or
skeptical agents, the analysis is separated accordingly.

As stated in the appendix, the APE contract is possible only when the (1C') constraint
is negatively sloped, the condition for which is given by b, > I', — P,,. Hence, we have
that ¢i, < c&,. The following Proposition compares the maximum compensations

available for different types of agents.

Proposition 10. Compensation cl, is the mazimum compensation available to either
an optimistic agent or to a trusty agent. Compensation Cq, 1S the mazimum com-
pensation available to either a pessimistic agent or to a skeptical agent if 77 > FH
Otherwise it i Cyq.
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FIGURE 6. The Figure assumes (Paa,Puu,Ff) = (0.5,0.6,0.35). We
highlight in colours the areas where each contract derived so far is set
optimally. The BPE is set up in the areas without a coloured contract
acronym. The bottom dotted line crossing the graph split the space in
overconfident (below the 45°) and underconfident (above it). The top
dotted line crossing the graph split the space between agents who believe
signals to be positively correlated (below the line) and those who believe
T and S are negatively correlated (above it).

When the agent believes signals are positively correlated and is optimistic enough for
the principal to assign him a APE contract, the latter features a large compensation for
the case of T'= S = a, the probability of which, as discussed above, is overestimated
by the agent. This creates an opportunity for the principal to take advantage of the
agent’s bias.!” On the contrary, as we discussed in section 5.2 and 6, the agreements
compensations (cq, and ¢, ) in the PED contracts are set to zero. Because of the wrong
direction of the believed correlation between signals by the agent, the principal takes
advantage of his bias by setting up a contract that features positive compensation and

wages only in case of disagreement, which she knows are less probable than the rest.

"Hence the APE maybe connected to the idea of “exploitative” contracts in the literature on agents
with biased beliefs (Eliaz and Spiegler, 2006, 2008; Foschi, 2017).
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We continue the analysis by first comparing the BPE contract to the APE contract
in the next Proposition.

Proposition 11. Let E() denote the biased expectations of the agent. Given the BPE

contract {wi,, ¢t} and the APE contract {w)},, c},}, the following are true:

(i) E(wf) > E(wzs) whenever the APE is the contract of equilibrium.
(it) B(ci,) = E(cf) = AT
(iii) E(cl,) > E(c) always
(iv) E(cl,) > E(c

+.) whenever

bo(1+TH) - P,
be — PauFH ’

Proposition 11 provides a set of intuitive conclusions. First of all, point (i) obviously

(15)

states that for the principal to be willing to switch to an APE contract from a BPE one,
it has to be optimal for her to do so. That is, she must be paying a lower expected wage.
Point (ii) follows from the fact that in the BPE contract the agent’s compensation does
not depend on the agent’s beliefs. Point (iii) shows that the agent would always be
happy to be assigned the APE contract instead of the standard one. This is because
the optimistic agent (and the trusty agent) overestimates the chances of obtaining cf ,
that we show above is the largest possible compensation available among the ones in
the BPE and APE contracts. Finally, point (iv) is by far the most interesting and
important. It shows that, even though the principal would like to take advantage of
the agent’s biased beliefs, under some conditions, the APE contract is not exploitative
after all. If conditions (15) holds, in fact, the contract not only allows the principal to
pay a lower expected wage, but it also features a larger expected compensation for the
optimistic agent (and for the trusty agent). This sets the stage for the main result of
this section.

Proposition 12. If the agent is optimistic (or trusty) and his beliefs satisfy (9) and
(15), the principal offers a contract that costs her a lower expected wage and grants the
optimistic or trusty agent a larger expected compensation. In this region, the agent’s
bias is socially desirable.

In the proof of the Proposition we provide a formal argument to show that the region
where optimism is socially desirable corresponds (in shape) to the one in Figure 7 below
and that it always exists.!®

We now carry on a similar comparison for the PED contracts.

Proposition 13. Let E(-) denote the biased expectations of the agent. Given the
baseline contract (BPE) {wy,, ci,}, the PED-DL {ys, ¢} and the PED-NDL {1y, ¢,,}
contracts, the following are true:

18The magnitude of the area, however, is purely indicative.
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2 R .

FIGURE 7. The area inside the two curves features a contract with a
higher expected compensation and a lower expected wage compared to
the benchmark contract assigned to an unbiased agent. Inside this area,
the presence of an optimistic or trusty agent is socially optimal. In the
proof of Proposition 12 we provide a formal argument to show that this
area always exists and it is shaped as is displayed here. The value of
b, is also derived in the proof. This specific graph was obtained for
(Paa, P, Ff) = (0.7,0.5,0.6). Its shape, however generalises to all fea-
sible parameter values. The size and position of the area where the APE

contract is offered is unaltered.

(i) E(w;,) < E(uwys) < E(wf,) whenever the PED contracts are optimal.
(i) E(é) = E(&,) > E(c,) always.
(i) E(és) > E(c,) whenever (14) fails.

Point (i) states, once again, that whenever PED contracts are assigned, they must be
optimal. There is a difference, however, compared to the case of the APE. It is trivial
to observe that F(w),) < E(wy) whenever (11) strictly holds, since the PED contracts
feature the same payments but for @/, < w,,. As a matter of fact, the principal would
always like to set up the PED-NDL contract rather than the PED-DL one. The former
however, may not be feasible under some parameter conditions, like we show in Figure
6. Point (ii) is due to the wrong believed direction of correlation between signals by
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the agent. Given Lemma 10, we know that the PED contracts feature the largest
possible compensations among the contracts set up for the pessimistic agent and for
the skeptical agent, while featuring zero compensation in the agreement states. The
bias of the agent is, however, enough for him to believe that his expected compensation
is higher under a PED contract than under the baseline one. This, once again, connects
to the idea of exploitation, where the principal takes advantage of the bias of the agent
and connects to point (iii). Point (iii) follows the same intuition behind point (iv) of
Proposition 11 but provides even more interesting insights summarized in the following
Proposition.

Proposition 14. A PED-NDL contract is never socially desirable. A PED-DL contract

is socially desirable whenever it is optimal, feasible and (14) fails.

Proposition 14 states a very controversial result on the PED-NDL contract. On
the one hand, the PED-NDL contract features no deadweight loss. On the other hand,
however, with a PED-NDL contract the principal takes so much advantage of the agent’s
biased beliefs that the agent never gains from switching from a BPE to a PED-NDL
contract.

On the positive side, however, social desirability may take place when the PED-DL
contract is assigned. When the principal is not capable of eliminating the deadweight
loss, her taking advantage of the agent’s bias may put the latter in a better position
compared to the baseline contract. To see that this is possible, consider Figure 8 below
where we assume (Paa,Puu,Tf) = (0.7,0.5,0.6). Figure 8 replicates the shapes of
Figure 5. The shaded area may be larger for different parameter configurations. Figure
9 represents a case where a Pareto improvement is possible also for a pessimistic (and
not skeptical) agent.

To conclude this section we present a result on the deadweight loss of each contract.

Proposition 15. The BPFE contract features the highest deadweight loss. That is

Z(w;rs - C:ffs)/ytg < Z(w; - C;fks)/yt];[

ts ts
Z(wts - éts),}/tl;l < Z(w; - C;fks)/yt]z
ts ts

Of course, the contract with the lowest deadweight loss is the PED-NDL contract
since it features none. The PED-DL contract features very little deadweight loss when-
ever the agent has a bias close to values that have (11) binding. Hence, which contract
between PED-DL and APE features a smaller deadweight loss is not a trivial question
to answer. However, since these contracts are never assigned to the same type of agent,
it is also a relatively uninteresting question to look at.
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F1GURE 8. The shaded area between the two curves features a PED-DL
contract with a higher expected compensation and a lower expected wage
compared to the benchmark contract. Inside this area, the presence of a
skeptical agent is socially optimal. The Figure assumes (Paa, P, TH ) =
(0.7,0.5,0.6).

Proposition 15 shows how the presence of a biased agent may be good for society
(and mostly the principal) in terms of wasting less resources compared to the baseline

case.

8. CONCLUDING REMARKS

This paper focuses on understanding the impact of workers’ behavioral biases on
subjective performance evaluation contracts. We have shown that while the benchmark
contract assigned to an unbiased worker (Baseline Performance Evaluation contract)
may also be assigned to biased workers under some conditions, three new contracts
may arise in equilibrium. All of them share a main driving force: the principal tries to
take advantage of the bias of the agent by altering the compensation levels compared to
the benchmark case. If an agent is particularly optimistic about his performance, the
principal may assign him an Agent’s Performance Evaluation (APE) contract where the
agent’s compensation depends on the his signal and features a particularly high value in
the case of a performance deemed acceptable by both agent and principal. If the agent
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FIGURE 9. The area between the curve and the straight lines on the left
features a PED-DL contract with a higher expected compensation and
a lower expected wage compared to the benchmark contract. Inside this
area, the presence of a pessimistic or skeptical agent is socially optimal.

The Figure assumes (Paa,Puu,FaH) = (0.55,0.7,0.5).

is pessimistic enough to believe that signals are negatively correlated, the principal
takes advantage of this bias by offering him a Performance Evaluation Disagreement
(PED) contract, where no compensation is offered whenever the two parties agree on the
performance evaluation. Under some conditions, this contract features no deadweight
loss. These contracts differ from the BPE one in (i) how they use information, (ii) how
they exploit the agent’s bias, (iii) how much conflict and deadweight loss they feature
and (iv) on their social desirability.

The standard BPE contract offers the agent a compensation that is independent
of his own signal. If the principal wants to take advantage of the agent’s bias, she
ought to tie the compensation to the agent’s signal. In this way she can promise him
higher compensation in states he deems more probable and less compensation in states
he deems less probable. In all the new contracts derived the agent’s compensation
depends both on 7" and on S. While the APE, however, features a wage payment that
depends only on S, the PED contracts feature both compensation and wages depending
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on both signals. Hence, in PED contracts, no informational source is wasted at the
contracting stage.

Using the mechanism just described, all contracts promise the agent an higher per-
ceived expected compensation compared to the BPE one. In other words, the agent
is convinced he will obtain more (in expectation) compared to the BPE contract, but
whether that is actually the case it depends on how biased he is. While the motive that
drives the principal to take advantage of the bias of the worker is purely to decrease the
expected wage payment, her manipulation of the BPE contract may lead to a higher
actual expected compensation for the agent by lowering the deadweight loss emerging
from conflict. When this happens both parties obtain a larger welfare—a lower expected
wage cost for the principal and a higher actual expected wage for the agent—than they
would if the agent was unbiased. Hence, under such situations, the bias of the agent is
socially desirable.

We have shown how a Pareto improvement happens for an “averagely” optimistic
(or trusty) agent, who is optimistic enough for the principal to have some freedom
to manipulate the contract in order to lower the principal’s expected wage cost but
without making the agent worse off. We have also shown how such an improvement
may happen if the pessimistic (or skeptical) agent believes signals to be negatively
correlated. Similarly, the agent cannot be too pessimistic otherwise the principal fully
exploits his bias and takes away all his surplus. Finally and interestingly, we have also
shown how a contract that features no conflict can never lead to a Pareto improvement.
The intuition behind this surprising result has to be found in the origin of the Pareto
improvements. As described, the principal does not have as an objective to increase
social welfare. His incentive to decrease conflict via the exploitation of the agent’s bias,
if not taken too far, can however still make society achieve a better outcome. It goes
without saying that in order to erase the entire conflict and deadweight loss from the
contract, the exploitation of the agents’ pessimistic beliefs must be substantial. In fact,

enough to lower the worker’s expected compensation.
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APPENDIX A. PROOFS
ProOOF OF LEMMA 1
To prove (i) simply notice that:
Ve = N + (1= M)y
= NPy + (1= NP
= P V977 + (1= M)3’] = Pl
Now use (i) to substitute for the 4/, in the equation of Assumption 2 to obtain:
Vha Vi = VouVia > 0
P PuuT3 T, = PuuPualiTY, > 0
PooPuw — PouPua > 0 (16)

by positivity of TT. Finally to prove (iii), notice that P,, = 1—P,, and P,, = 1—P,,,.
Substitute for the latter in (16) to obtain:
(1 — Pu)Puyu — Puu(1 — Pyy) >0
P.—PFP,>0
Similarly, substitute for P,, = 1 — P,, and P, = 1 — P,, in (16) to obtain that
P.,—P,>0
Finally to prove (iv) note that
ATy, = TH -1k
= M7+ (1= M)y = [N + (1= N
= (VX O ).

Therefore
AT, + AT, = (M =X) (v =7) = (VT =) (0 =)
= W'=X) (S =95 — (& =)
= (M= M)[(F =) = 1 =97 =149
= (W =X (8 =) — (0 =)
— 0

PrRoOOF OoF LEMMA 2

Simple checking yields:

:Véa:%m - :ﬂzu:ﬂm = (paapuu - aupua)rérzt
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which is positive when

PaaPuu_Paupua:Paa<1_pua)_(1_Paa)pua

:ﬁaa_PaaPua_pua_l'paaPua:Paa_Pua+ba_bu>0~
Since by Lemma 1 P,, > P,,, the latter inequality is always positive for b, > b,. For
values of b, > b, it yields condition (2).
PrROOF OF LEMMAS 3 AND 4

Rearranging the two (T'Rp) constraints:

,YH
(wua - waa) S (wau - wuu)%
ua

'7H ,YH
= (wau - wuu)% S (wua - waa) S (wau - wuu)% (17)
aa ua

Given Assumption 2, either all the brackets in (17) are 0 (case (i)), or they have
positive signs (case (ii)). This proves Lemma 3.
For Lemmas 4 follow the same steps with the (T'R4) constraints to obtain:

;}'/H ;7“/H
(Cuu - Cuzz)N_?I? S (Caa - Cau) S (Cuu - Cua)~_q;_}l‘- (18)
’70411 ’Y(l’ll,
When the agent believes signals are positively correlated, i.e., ’yﬁfyi — iiﬁﬁ; > 0, we
have: . .
/7’U,CL < M
Voo Vau

Given this last inequality, either all the brackets in (18) are 0 (case (i)), or they have
positive signs (case (ii)). This proves Lemma 4.
PROOF OF PROPOSITION 1
Suppose not, then wys = ¢ for all t and s. Given Lemma 3 and 4, then we have:
CU'LL Z cua Z Caa Z Cau Z Cuu

Where the first and third inequalities follow from Lemma 4 and the second and fourth
follow from Lemma 3. Obviously for all inequalities to hold together we need
Cuu = Cua = Caa = Cau-

This implies that E(ci|A7) = F(cis|AY) since the agent compensation is completely
independent from the realization of ¢ and s. This of course violates the (/C') constraint
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since

E(ci| M) = VM) < E(c| ) = V(AD).
Proor orF LEMMA 5

When the agent believes signals are negatively correlated, i.e., ¥2 55 — FH 30—

we have: y y
Yua - Fuu
Yoa Vo
That is the T R4 becomes
~H ~H
(Cua - Cuu)’z/_? S (Cau - Caa) S (Cua - Cuu)lz/_}?'
au /yaa

Where either all brackets are 0 or ¢,q < € and ¢y < Cua-

REDUCING THE PROBLEM TO (6)

Lemma 6 below states that an agent believing that signals are positively correlated
ought to be compensated in the “most positive” case, that is, when both principal
and agent observe a signal reporting an acceptable performance. It also states that the
agent obtains no compensation when the principal deems the performance unacceptable
and the agent disagrees. Together with Lemma 8 below, Lemma 6 proves that the
existence of a deadweight loss happens only when the principal deems the performance
unacceptable, contrary to what the agent believes.

Lemma 6. If the agent believes signals are positively correlated, i.e. ((2)) holds, then
any optimal contract implementing high effort features c,q > cuq = 0.

Proof. Define Ay, = 1 — 4L and A7,, = 47 — L. First we prove that A7,, > 0 and
A7,s <0 for any s € {a,u} (it is easy to see that the same holds for Av,s and A~y,,).
Notice that Assumption 1 is independent from Assumption 3. Therefore:

Aﬁ/ts = ;%Z - ;?t[;
= M (= N7 = M08 = (= A
= )\Héts%g +(1- )‘H)ptswB - )‘Lptsfth - (1= )‘L)Ptsr)/?
= (T = M) P (v = 7).
which is positive at ¢ = a and negative otherwise.'® Now we rewrite (/C) in the
following way:
CaaDYaa T CaulDVqu T CuaDVua + Cuns DY = AV, (19)

Recall that any optimal contract with truthful reporting for an agent who believes
signals are positively correlated satisfies either case (i) or case (ii) of Lemma 4. Assume

For future reference, this also proves that, as long as b, and b, are both positive, Ay > Ay and
AF,, < Ay, for any t.
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case (i) of Lemma holds 4 then (19) becomes:

o (D y + D) 0w (D0 + A7,,,) > AV,
=0 <0
Because of the negative sign of the second bracket, and since AV > 0 and ¢, > 0, the
above requires ¢,, > 0 to always hold. Assume now case (ii) of Lemma 4 holds, for a
similar argument, we need at least one between c¢,, and c,, to be positive. If ¢,, > 0,
the Lemma is trivially proven. If ¢,, > 0, case (ii) implies ¢4, > ¢4 > 0. This proves
the first part of Lemma 6.

To prove the second part of Lemma 6, we suppose it is false, i.e., at optimum the
contract features ¢,, > 0, and we prove that there exists a profitable deviation from it,
which contradicts its optimality. First of all, from Lemma 4 we know that c,, > cu.
and also ¢, > Cqu. The proof now depends on whether ¢4, > 0 or ¢4, = 0.

Let ¢4, > 0. Let the principal decrease both ¢, and ¢, by € so that their difference
remains constant (so not to affect the (T'R4) constraints). From (19) above we see
that both ¢, and ¢,, enter negatively in the LHS of the (I/C). Hence decreasing them,
would relax the (IC) rather than tightening it. In particular, the LHS of the (IC)
constraint has increased by —e(A%,, + A7%,,). Since we are in the case where ¢, > 0,

the principal can also decrease both c,, and ¢4, by €. In this way the overall change in
the LHS of the (IC') is given by:

—€ (A’?aa + Aﬁ/au + Aﬁ/ua + Aﬁ/uu)
— ¢ (PaaAFa + P AT, + Py AT, + PWAFU>
= —¢e(Al'y, + AT',) = —€ (AT, — AT,) =0

and therefore the (/C') binds again.

Finally, since both ¢,, and c,, have been decreased by ¢, then the principal can
decrease also w,, and w,, by the same amount. This does not violate the the relevant
(LL) and holds their difference constant. Hence, it does not violate any of the (T'Rp)
constraints. This new contract {wys, s} s implements high effort at a lower cost.
Hence, a contract where c,, > 0 and ¢4, > 0 cannot be the solution to the problem.

Let now, instead, the optimal contract feature c,, = 0 and define Ac, = ¢y — Cua-
We divide the proof for this case in three steps.

Step 1

When ¢4, = 0, the (T'R4) imply:

~H ~H
,7'11404 ,Y'U/M
Acy—5 < Caa < Acu—s (20)

where, since we are in case (ii) of Lemma 4 either only one of the two inequalities
holds as equality, or none. Suppose none of the two is strict, or the second one is, the
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principal can decrease both ¢, and c,, by € keeping Ac, constant, relaxing the (/C')
constraint. In particular the LHS of the (/C) has decreased by €(A%,,+A%,,). He can
then decrease ¢, by 0 = M“AR—J“M““) bringing the LHS of the (/C') back to its original
value. Clearly for some ¢, this deviation can be done until the first inequality in (20)
binds. Finally, to see that this is optimal for the principal, notice that according to
the (LL) constraints, she can now decrease w,, up to € and w,, up to §. By decreasing
both by min{e, ¢}, their difference does not change. Hence, (T'Rp) constraints are not
affected while the objective function decreases. This implies that at optimum if ¢,, = 0,
the first inequality of (20) binds.

Step 2

Given that Acu

the principal has at “her disposal the following optimal deviation from a contract with

= Cqq must hold at optimum if ¢,, = 0, we now show that

cau = 0. Let her decrease c,, by e and c,, by € < €. Then Ac, has decreased by

(e — €). In order to keep Ac, 7’;;‘ = Caq, the principal decreases c,, by (€ — 60)7““ It

remains to check if this dev1at10n can be made in such a way that it does not Vlolate
the (I/C). The change in the (IC) is:

,'?H
_(6 - €O)~_uHaA5/aa - 6OA:)/ua - EA:;/uu

aa

~H
(e — €) =12 P, AT, — €9 Py ATy — €y AT,
H

aa+ q

Pua
=—(e—€) FHu AT, + €gP, AT, + €P,, AT,

B _ FH FH
= AFa |:€ (Puu — PuaI‘H> +€0Pua <FH + 1>:|

. . 1-TH ra
o e (e 2 s ()]

AT, [ /= S -
- = [e <Pw1“f — P+ P, T ) + eoPua]
AT, o - -
~T1H | (Puu+ Pua) T = Pug | + €0Pua

@ -1
AT, _ -
[ i2 ) ]

which is positive when:
€ <Ff — f’ua) + GOPW > 0.

If 1 > P,,, the above is always true. If instead '/ < P,, then the principal has to

choose € € {60, €% PTFH }
Step 3
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To conclude, given the decreases in the ¢, the principal can now decrease w,, up

)7““ By an argument similar to the one is Step 1, she can

to €y and wy, up to (e — €
decrease both by the smallest “of the two limits, decreasing the objective function. This
provides the desired contradiction and hence a contract where ¢,, > 0 and c,, = 0
cannot be the solution to the problem.

Finally, since a contract where ¢,, > 0 and c,, > 0 cannot be a solution to the

problem it follows that ¢,, = 0. This concludes the proof of the Lemma. i

We can now move on to studying the principal’s incentives. When T" = a, clearly, she
has an incentive not to reveal to the agent that she deems his performance acceptable,
otherwise she has to pay him a premium. At optimum, this makes (T'R%) bind.

Lemma 7. If the agent believes signals are positively correlated, i.e. ((2)) holds, then

constraint (T R%) always binds in any optimal contract implementing high effort.

Proof. Of course in case (i) of Lemma 3 the Lemma is trivially proven. Assume now
case (ii) of Lemma 3 holds and suppose (T'R%) is slack. If w,, = 0, by Lemma 3
Waq = 0 as well and case (ii) cannot happen. Now suppose w,, > 0. We have ¢,, =0
from Lemma 6, and the principal can simply decrease w,, until (T'R%) binds. This
would relax (T'R%), not affect (LL,,) and decrease the objective function. This proves
the Lemma. 1

The following Lemma allows us to write all w;s as a function of the ¢;,. It also shows,
more formally, how the deadweight loss happens in the case of T'= u and S = a only.
That is, the case where the agent believes performance to be acceptable, disagreeing

with the principal.

Lemma 8. If the agent believes signals are positively correlated, i.e. ((2)) holds, then
any optimal contract implementing high effort features:

(1) Waa = Caas
(il) Wyu = Cuu;
(ill) way = max{cau, Cun};
(iV) Wua = Caa + (Max{Cau, Cun} — Cun) 22

“m

Yau
'Yaa 4

Proof. First of all notice that, by Lemma 7, w,, = Waq + (W — wuu)ﬁt Hence, the

principal’s objective function in (3) can be rearranged as:

Vau
w2

Waa YL 4 Wau v + {waa + (Wau — Wy ] YE - wuvE

aa

and further as:

H . H
(o8 212) s (220 ) i (- Do)

aa /Y(ZCL
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where the last bracket is positive by Assumption 2. Furthermore, setting w,, = w.q +

(Way — wuu)% in (T'RY%) we have

aa

H
Yau |  H H H H
waa + (wau - wuu) H ,Yua _I_ wu’ufyuu S waa,}/ua + wau’)/uuv
aa

which is equivalent to

Wy < Wey-

Hence, given the Lemmas so far, wy,, wey, and w,, are only bound by w,, < w,, and
the three corresponding (LL;s). This implies that w,,, Wa,, and w,, will be set to the
lowest possible value. By Lemma 3 and in order to minimize the objective function,
Waa = Caqy Wyy = Cuy aNd Wey, = Maxq{Coy, Wyy }, implying points (i), (ii) and (iii) of

Lemma 8. Point (iv) follows by substitution. n

The next Lemma completes case (ii) of Lemma 4 by ranking c,, and c,,. As ex-
pected, when the principal deems the performance acceptable, the agent may obtain a

compensation premium even when he observes S = u.

Lemma 9. If the agent believes signals are positively correlated, i.e. ((2)) holds, then

any optimal contract implementing high effort features cqy > Cya.

Proof. Suppose not. Then c¢,, > ¢4, > 0. By Lemma 6, ¢,, = 0. Hence ¢, > cya,
implying we are in case (ii) of Lemma 4 and ¢y, > ¢4,. By Lemma 8 we then have w,,, =
Way = Cyu ANA Wyq = Cqq = Waq. This implies that c¢,, disappears from the objective
function and from the constraints that affect the principal. She can, therefore, increase
Caw and decrease the other levels of compensation (and therefore wage payments) in
such a way that the rest of the constraints are still satisfied. This operation can be

repeated until ¢,, = ¢y,. Hence, the contradiction. §

Given this, we can further decrease the amount of binding constraints by proving
the following;:

Lemma 10. If the agent believes signals are positively correlated, i.e. ((2)) holds,
then constraint (T'RY) always binds in any optimal contract implementing high effort.
Therefore:
;?H
Cyu = ~aHu (caa - Cau)-

Proof. Let ¢, = 0 then we are in case (i) of Lemma 4 and (T'RY) is trivially binding.
Suppose now that c¢,, > 0 and (T'RY) is not binding. We can then reduce c¢,, until
it binds. Given the proven Lemmas, the (T'Rp) still hold, while (T'R%) and (IC') are
relaxed by this change. To complete the proof we need to check whether a decrease
in ¢, would decrease the objective function as well. By Lemmas 8 and 9, we can
substitute for all wages in the objective function and find that the coefficient of ¢,

H . H
_ JYauYua
H

aa

becomes <7{fu ), which is positive by Assumption 2. Hence, decreasing c,,, also
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decreases cost and it is therefore optimal for the principal to do so. This provides the
desired contradiction and proves that (T'RY) always binds at optimum. §

This concludes the set of Lemmas yielding problem (6). Notice that, when plugging
in value from Lemma 8 the objective function in (5), simplifies to (6) divided by 775 .
This is however irrelevant for the minimization problem and therefore omitted. Finally,
to derive (7) and (8) , simply notice that (7) comes from the combination of Lemmas

9 and 10, while (8) derives from Lemma 4.

Optimism and Incentives. We can also prove the following two Lemmas to charac-
terize the impact of optimism on the (I/C') constraint. This allows us to present the

rest of the results in a more intuitive way.

Lemma 11. If the optimal contract implementing high effort features c,q = Cqu and
Cuuw = Cua, then optimism has no impact on the (IC).

Proof. see the proof for Lemma 12. g

Lemma 11 simply states that if the agent’s compensation is independent of the agent’s
signal, then the agent’s optimism over their joint distribution has no effect on the (1C'),

and therefore on implementability of any level of effort.

Lemma 12. If the optimal contract implementing high effort features c,q > Cqu and

Cuu > Cua, then optimism relaxes the (IC).

Proof. The (1C)
> (it =) = AV,
ts

can be rewritten as

Z CtS('Vt}sI - 7@) + (Caa — CaU>(Ff - FaL)ba + (Cua — Cuu)(rf - Fﬁ)bu > AV. (21)
ts
Note that T > T'L and T < TI'E. Tt follows directly from (21) that if the optimal
contract features ¢, = €4y and ¢y = Cyq, then optimism has no impact on the (1C).
This proves Lemma 11. If the optimal contract features c,, > ¢4 and ¢y, > Cua,
then the second and third terms in the LHS of (21) are strictly positive and therefore
optimism relaxes the IC. This proves Lemma 12. g

By Lemma 4, the agent knows that given what the principal observes, he obtains a
premium when he reports 7' = S. A positive b, (b,) increase (decreases) the agent’s
belief of both signals to show a (u). This means that, given effort, an optimistic agent
with beliefs satisfying (2) overestimates the chances of obtains the premium ¢, — Cgy
and underestimates the ones of obtaining c,, — ¢,,. Since T' = a is most probable when
he exerts high effort, the agent requires a lower incentive to exert M. That is to say,
exerting high effort is part of his “strategy” to increase the chance of T'= 5 = a.
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PROOF OF PROPOSITION 2

The inequality in Proposition 2 follows from the comparisons of the slope of the (1C)
with the slope of the iso-costs. This produces the following condition, that we simplify
as follows.

g ’Yau
Bow = 58 8w _ 75275% + vivﬂvfu vivﬁvﬁ + 7%5752

A;?aa + g}l{" A’}/uu (P)/aa) ’Yuu + ’Yaa’}/ua’)/uu + ’)/auﬂyuu’yaa - Vau’yauPYua

We start from simplifying the slope of the IC

= 7 ~H L _ ~H | & ~L
LHS A,}/au — i A’Yuu ,yau ~ Yau — Vau + :Y?jz Yuu
o A" 'YauA ~H _ ~L _I_ ~H 7au ~ L
’Yaa Yuu Yaa Yaa Yau ~H Yuu
’Yau ~ L Pauﬁuurglrg _ L
'~Yﬁlu fyuu Yau Py, TH PCWF

;?aHa - ’Yaa + f?au :Y%Iu fyuu paaAFa + pauFaH (1 - 11:_151>
_ Pu (UTE - TITY)
~ P,AT,TH + P, THAT,
Notice that since I'/ +T/ = 1 for any j = H, L, then we can substitute for T = 1 -TH

and 'l = 1-TL. Also, as already proven, AT, = —ATl',. Hence we can further simplify
the LHS:

P (TJT = TETY)
P, AT TH 4 P, ,THAT,

Py, (T4 (1 =T%) = TE(1 =T1))
~ PuAL,(1-TH) + B, TH(~AT,)

3 P AT, 3 Puu P,
AL, [paa(l — Ty — paurf] Paa - F{z{(ﬁaa + Pau) paa - T

_ Pau - ba

P —TH 40,

The slope of the iso-costs, instead, is given by

H H H H
%’i%{im + vﬂ,,viim %ﬂﬂﬁi + %ﬂﬁﬁi

(VAL + vEAEAL, + AEAEAE — A AEAE
(Puw = bu) (PaaPauTH + PoyPuolH) — (Paw — b)TE (PaoPuw — PauPua)
" (Puw—b0) (PaaPaalT + Pay PuaTT) + (Pay — b0)TH (Pag Py — PouPrg)
(Puu bu)Pau ( aaPH + PuaFH) (P - )1’\5[ (Paa uu auPua)
" (Puw — bu) Pag (PuaaUH + PyuTH) + (Pay — b)UH (Pa P — PaPoa)
(Puw — bu) PauZ — (Pau — ba)W
" (Puw—bu)PoaZ + (P — bW’
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where Z = (Ppol' + P,oLH) and W =T (P, Py — PauPua) = TH (P, — P,,). Hence

a

the inequality in Proposition 2 is equivalent to
Pau - ba < (Puu - bu)PauZ - (Pau - ba)W
Paa_l_‘gl—i—ba_ (Puu_bu)PaaZ'}_(Pau_ba)W,

or
(Paw = ba) (Puu = bu) PaaZ + (Pay — ba)* W
< (Pua = T2 +ba) (Puw = bu) PauZ = (Pag — Ui + ba) (Pau — ba) W,
or
(Paw = ba)* W + (Paa = T + b4) (Pau — ba)W
< (Pua = T +b0) (P = bu) PauZ — (Paw — ba) (Puw = bu) PaaZ,
or

(Pau_bzz) (Pau_ba+Paa_Ff+ba)W§(Puu_bu) [(Paa_rf+ba)Pau_(Pau_bzz)Paa} Z,

or
(Pau_ba) (Pau+Paa_FaH)W§(Puu_bu> [ba(Paa—i_Pau)_PauFf} Z, (22)
. (Pau —bo) (1 =THYW
au ~— Ya 1_ a
(ba—PauFf)Z S Puu_bua
or

(Paw — bo) (1 =TH)YW
(by — P THYZ
If the second term on the RHS of (23) is non-negative, then the inequality places no

new restriction on the space (b, b,). However, if the second term on the RHS of (23)
is negative, then the inequality places a new restriction on the space (b4, b,). Since
be € (0, P,,] and TH € (0,1), the second term on the RHS of (23) is negative when
b € (P T2 P).

Further, notice that if b, < P,, ', inequality (22) cannot hold.

PROOF OF PROPOSITION 3

The Proof is divided in two parts. First we show that when b, = b, = 0, the slope
of the (IC) is never lower than the slope of the iso-costs. Then we derive the optimal
contract for the unbiased agent.

Using the algebra presented in the proof of Proposition 2, consider the slope of the

IC when the agent is unbiased:
Pau

P, —TH1
This implies that the (IC) is negatively sloped if and only if ' < P,,. First we assume
' < P,, and show that the (24) always holds. Then we move to the case of ¥ > P,,.
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The comparison between slopes then becomes:

Py, YINIANE + vEAEAE, — AEAEAE I AR AL

Poo —TH = yHyBANE 4 yHAyBAH Byl By HyHAH

Let T < P,,. We now rearrange the RHS, which is less nicely simplified.

(24)

H_.H.H H. H.H _H.H.H H.H,.H
RHS = Vaa Yau Tuu + YauYua Tuu YauYunVaa + YauVauTua

YEAHEAE 4 yENEAH  yHAyH yH — yHyHyH
_ Vo Voo Vo T Vars Vo Ve
YENENE + yBNEAyH 4 yHEAyH B By HAyH

Before going ahead, notice that this proves that in the case of an unbiased agent isocosts

are always negatively slope. Carrying on we obtain

YEAENE + vEAEANE

VeR Ve v, + Ve, YENEAE — B b
B PouPua Puu Uy T + Poy Pa Pua Ty TH T
' PagPaaPuTHTHTH + Py Puo Py UHTHTH + Py Py Pog UVHTHTH — Py Py Py UHTHTH
3 PauPuaPunl'y) + PouPouPualy)
 PaaPaaPiiTH + PaoPuaPuull 4+ Pau P Paall — PoyPauPudTY
B PuuPua(Pual'y + Pualy)
" PuuPuTE(Poy + Pau) + Pua(Puo Pl — P, P, TH)
B PouPua(Pouu(1 — TJ) + PoLy)
 PaaPulH 4 Puo(PagPuu(1 = TH) — Py Po Il
B PauPua(Puu = T (Puw — Pua))
" PaPudlH + Puo(PagPuu(1 = TH) — Py Py TH)
This implies that comparing the slopes boils down to:
Puy PouPua(Puw = T3 (Pus = Pua))
Paa = U7~ PaaPudlF + Poa(PaaPan(1 = TF) — Py P 1)
1 Pua(Puw = Tg (Puu — Prua))
Paa =T~ PaaPudll + Poa(PaaPan(1 = TF) — Py Pu 1)

PaaPuuFf + Pua(PaaPuu(]- - FQH) - PauPauFf) > (Paa - Fi—I)Pua(Puu - F(Ij(Puu - Pua))

Recall that Lemma 1 showed P,, > P,, and P,, > P,,.

PuuPul T + PuoPuuPuy — PuaPao Pl — PuoPou Pl
> PuaPaaPuu = PuaPuul'yl — Paa PualUy (Puu = Pua) + Pua(TH)*(Puw — Pua)
which, by simplifying and dividing by I'Z on both sides, is equivalent to:
PuuPus = PuaPauPuy > —PuoPus + PaoPuaPua + Puo Pl — Puu Pl
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PaaPuu_PuaP(?u>_PuaPuu+PaaP3a+PuuPuaFaH_P2PH

ua— a

Puu(Paa + Pua)=Pual't (Puw = Pua) = PuaPry — Paa Py > 0
Now we substitute for P,, =1— P,, and P,, =1 — P,, and we get:
(1 = Pua) (Paa + Pua) = Puall (1 = 2Pyg) — Pua(1 = Pag)? = Pua P}, > 0
Paa+ Pua = PaaPua = Py = Pual'y (1 = 2Pua) = Pua + 2PaaPua = PuaPity = PaaPig > 0
Pua+ PagPua(1 = Pua — Pua) = Py + Pual'y (2P — 1) > 0
r

Suppose first that P,, < %, then T' < 0 and the LHS gets smaller the greater is T'Z.

Hence, to be sure the condition holds, we set I')l = P, the highest possible value it

can get. This yields I' = 2PMP3G — P,,P,.. Hence the condition becomes:

Paa+PaaPua(1_Pua_Paa)_P5a+2paapga_PaaPua>0
Puo + PyP2, — P2 Py, — P2 >0 (25)

Notice that if this holds for all P,, > P,, then so will the condition for the case of
P, > % In that case, in fact, I' > 0, which means that the LHS would increase with
' Hence, to check it holds we set it to 0. This would set T' = 0 and yield a condition
looser than (25).
To see that (25) always holds, notice that the derivative of the LHS with respect to
P,, is given by:
OLHS
OPya

which is negative for all P,, < 1. Hence, the condition is monotonically decreasing in

= 2P,y Puy — P2, — 2P,y = 2P,y(Puy — 1) — P2,

P,.. We therefore check for the maximum value of P,,, which in this case is % At this
value, condition (25) becomes simply

—2P2 +5P,—1>0

By Lemma 1 P,, must be strictly larger than P,,. The second order equation above
always holds for P, € [3,1].

We are now left to show that when the (/C') is positively sloped the equilibrium
contract coincides with the one presented in the Result. To do this, let Ff > P,
Notice that we can rearrange the intercept to obtain:

AV
(Paa - Fg>&

rf

which is clearly negative when I'7 > P,,. Furthermore, given I'’! > P,, the slope of
the IC is greater than 1 as long as
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or
H
Pau>ra _Paaa

or
P+ Pau = 1> T},

which is true since T'Z € (0,1). This result together with the fact that the iso-cost is
always negatively sloped for an unbiased agent imply that the optimal contract for an
unbiased agent with an IC with a positive slope is at ¢4, = cqy. To see this, notice that
the positively sloped (/C') and the 45° line cross only once in (Cuy, Caq) space, that will
the point of optimal contracting.

Now we move to deriving the optimal contract. Consider problem (6) with b, = b, =
0. Given the proof so far, we can disregard (7) and let (8) and the (/C) bind. We
are then left with a system of two equations in two variables. The solution is trivially
obtain by substitution. Simply start from c,, = ¢4, and substitute it in the (I/C) to
obtain

Caa(AYaa + AYau) = AV
which yields
Coa( ATy Pay + ATy Po) = AV

and
AV

A_Fa = Cau-

Wages are obtained by substituting the compensation values into the wages of Lemma

8. Notice that
AV 1 AV H 4 ~H
Wya = (1 + %") = (%“ 7“")

Caa(AL,) = AV = ¢y =

AT, I ) AT, vE
AV (P JE+ P, TEN AV (1
AT, P, I'H AT, \ P,

PROOF OF PROPOSITION 4

To see that the contract completely resembles the baseline one, simply notice that

the two problems are solved in the exact same way, and that
, AV AV AV

C

@ A;yaa + A’S/(zu B Ara(ﬁ)aa + Pau) AFCL
PROOF OF PROPOSITION 5

The proof of the proposition is divided in four parts. First we show that when either
or both the (IC) and the iso-costs are positively sloped, the optimal contract is the
standard one. Then we derive conditions for this case to happen. Third, we prove that
condition (9) implies all the conditions derived below as well as (2) — and hence all
the latter can be omitted from a graphical analysis — and we identify the shape of the
area where the APE contract is set up (i.e. we provide an explanation to the shape of
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Figure 2). Finally, we move to deriving the values of wages and compensations of the
APE contract.

Part 1. First of all, notice from (6) that an increase of ¢,, always increases the expected
cost of implementing high effort. The effect of an increase of c,,, however, is not
straightforward. If it is positive, then iso-costs are negatively sloped in (cqy, Caq) SPace
and costs decrease towards the origin. If it is negative, then iso-costs are positively
sloped and costs decrease towards the bottom right of the graph.

Suppose the latter is true. Since iso-costs are positively sloped in (cuu, csa) space,
optimal contracts lie at point Y of Figure 1. Notice, however, that a further check is
needed here. Suppose the iso-costs are positively sloped. If their slope is larger than
1, then they are steeper than the locus of points where ¢,, = c... Hence, for any
given Cq,q = €4y = ¢, there would always exists a ¢ > ¢ lying on an iso-costs further to
the right of Figure 1 satisfying all constraints and lowering costs. Hence, an optimal
contract would feature c,, = ¢4, = ¢ — 00. In order to check that this cannot happen,
we study the value of the slope of the iso-costs when the latter is positive. From the
algebra in the proof of Proposition 2 we can get this value as:

(Paw = b)T¥ (Paa = Pua) = (Puw = bu) Pau( PaaTt + PuaTl1)

(Pau - ba)rclzi(Paa - Pua) + (Puu - bu)Paa(PaaF(IL{ + Puarf)
which is trivially never larger than 1. Hence in equilibrium the baseline contract is set
up.

Now suppose that the (IC') is positively sloped. This implies that it requires c¢,, to

be smaller than ¢, times a positive number. First of all, notice from the (/C) that
when it is positively sloped, its intercept is negative. Further, its slope is now given by

,;;/H -
/AT
Yuu

A:)/au -

— A7, — Lk AY
7(1(1 ~H 7uu

Yuu

which is obviously larger than 1. Hence, the set of constraint compatible contracts
becomes the one highlighted in Figure 10.

Regardless of whether the iso-costs are positively or negatively sloped, the optimal
contract lies at point Y in the graph and replicate the standard contract.
Part 2. As already discussed, the slope of the (IC) is negative as long as b, > ' — P,,.
The condition for the slope of the iso-cost to be negative, instead, can be derived as
follows.

Consider the slope derived in the proof of Proposition 2 again, this time without
looking at its absolute value (i.e. we keep the minus in the front).

(Puu - bu>Pau (Paarf + Puarg) - (Pau - ba)rf (Pzza - Pua)
(Puu - bu)-Paa (Paarg + PuaFuH) + (Pau - ba)rg (Paa - Pua)
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(1C)

Cau

F1GURE 10. The shaded area represents the set of contracts satisfying
all the constraints of the minimisation problem when the agent believes
that signals are positively correlated and the (IC) is positively sloped.

It is easy to see then, that the iso-costs are negatively sloped when the numerator of

the above is positive. This happens when:

(Puu - bu)Pau (Paarf + Puarf) _(Pau - ba) FH (Paa - Pua) > 0

Z w

which yields the condition:

(P au ba)W
P,z
Part 3. In this part of the proof we show how, for b, € [PauFf , Pau}, condition (9)
implies the negativity of the slope of the (IC'), condition (2) and (26). We also show
how the area it delimits has a concave shape in (b,, b,) space and how it always lies in

the interval (P,,I'y, P,y,) on b,.
First of all, notice that the (/C') is negatively sloped if

baZFaH_Paa:FaH_l—i_Pau
and that
" —1+p,<P,JY = P,(1-TH <1-TH
Hence, when b, > P,,I' (which is necessary for (9) to have meaning) the (IC) is
negatively sloped.
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We now compare (9) to (2). First notice that (2) is linear and rearrange it as
bu SPaa—l—ba_Puw

Given the possible values of b,, the value of the RHS goes from P,, + Pauff — P, to
1— P,, = P,,. Its derivative in b, is obviously 1. Similarly, we can evaluate the RHS
of (9) at b, = P,, to see that it is simply P,,. This means that the two conditions
coincide at b, = P,,. Now notice that as b, — Pauf‘f the RHS of condition (9) goes to
0 (since the second term explodes and eventually reaches P,,). We therefore have that
condition (2) lies above (9) at the two boundaries for the feasible interval of b,. We are
left to check that the two stay this way over the entire interval. To see this, we study
the derivative of the RHS of (9) and show that it is always positive and larger than 1,
i.e. larger than the derivative of the RHS of (2). This ensures that the two curves cross
only once.

0 \p (Pow — ba) (1 =TH) W

b, | ™ (ba — Puul'd) Z

—(1-TrHw (ba — PauFf) Z -7 ((Pau — by) (1 — I‘f) W)
((ba — Puull) Z)?

P (1 -TH?2WZ
[(ba — PuuT2) Z)°
which is always positive. To see that it is larger than 1 we calculate:
P (1 -TH?2WZ
[(ba — PouTH) 2]

which yields
Po(1 =THV2W — 0272 — P2 (T2 Z + 2P0 T2 Z > 0.

The study of this inequality is not trivial. Consider first the derivative of the LHS with
respect to b,. It yields PauFf — b, which is always negative. Hence, if the condition
holds at the lowest feasible value of b,, it holds for all values of b,. To see that this is
the case, notice that as b, — P,,['Y the LHS of the inequality above converges to:

P (1 =TH2w — p2 (1th2z — p2 (T1)*Z + 2P2 (T2 Z = P,,(1 — TH)*W > 0.

Hence the slope of the RHS of (9) is always larger than the one of (2). This implies
that the two cross only once and that (9) is always tighter than (2).

Comparing (9) with (26) is much simpler. It is enough for the RHS of (26) to be
larger than (9). This comparison corresponds to comparing the second terms of the

RHS of each inequality. Condition (26) is looser if

(Pau - ba)W > (Pau - ba) (1 - Fg) W
PZ = (ba— Pl Z
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which corresponds to
Pau(1 =T3) 2 by = Pl = Puu 2 b

which is always true.

To conclude this part of the proof we show that the RHS of (9) is concave in b,. To
see this consider the first derivative above,

Pou(1—T3)’WZ

[(ba - Paurg) Z]z

Y

and notice that it is decreasing in b,. Hence, (9) identifies a concave area.?’ To see that
its lower bound is always larger than P,,I'f simply substitute b, = 0 in the condition

to obtain
(Pau - ba) (1 T Fg) w
(by — P THYZ
which is equivalent to
_TH H
b, > Pau(l LOW + P IV Z

(1-THW + P, Z
To prove our claim we then show that

(]‘ — F(ZH)W + PuuFfZ H

(1-THYW + P, Z @

With simple algebra it is easy to see that this condition boils down to I'# < 1, which
is always true.

This concludes this part and proves that the area identified by the feasible values of
b, and condition (9) always features the APE contract. Its shape, furthermore, always
resembles the representation in Figure 2.

Part 4. Given all the above and Proposition 2 we finally solve problem (6) by setting
(7) binding together with the (IC'). This yields the following system in two equations:

e g
Caa (A;?aa + ~?Aﬁuu) + Cau (A:Yau - ~;A§/UU) = AV

~H
Caa = (1 + Y_Q;;L) Cau

au

20Recall that the derivative is of the entire RHS not only of the second term.
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from which we obtain:

B AV
T (45 (Mt B M) + M - B,
- AV
Ay Ay + B AT, + AT,
- AV
APy + AT Py + 2L AT, Py, — AT, P,
AV 1 a
 ATayy Ballp B,
AV Puul'y
" AT, PoTH 4 Po(1— TH) P,y — PuyPaulH
. Py

=c = — 2
aaPaurgl + Puu(Paa - Ff)
To conclude the proof, we obtain c,, = (1 + 1’2“) Cay from the above discussion, and

au

Cau = Cuy from Lemma 10.

REDUCING THE PROBLEM TO (10)

Lemma 13 below studies the effect of optimism on the (/C) in this case. Intuitively,
given Lemma 5, the agent now overestimates the chances of obtaining premium ¢, — ¢,
and underestimates the ones of obtaining ¢4, — cqe. Hence, his incentive to exert A\ is
higher, since 7' = wu is more probable under low effort, and the (/C') tightens.

Lemma 13. If the optimal contract implementing high effort features cuq < Coqu and
Cuu < Cua, then optimism tightens the (IC).

Proof. 1f the optimal contract features c,, < €4y and ¢y, < Cuq, then the second and
third terms in the LHS of (21) are strictly negative and therefore optimism tightens
the IC. This proves Lemma 13. 1

Lemma 14. If the agent believes signals are negatively correlated, i.e., ((2)) fails to
hold, then the optimal contract implementing high effort features cqy > Cyy = 0.

Proof. Recall that any optimal contract with truthful reporting for an agent who be-
lieves signals are negatively correlated satisfies either case (i) or case (ii) of Lemma 5.
Assume case (i) of Lemma 5 holds then the /C' becomes:

Cau (A:)/aa + A:)/au) +CUU (A:}/ua + A:}/uu) 2 AV

. (.

vV vV
>0 <0

Because of the negative sign of the second bracket, and since AV > 0 and ¢,,, > 0, the
above requires ¢4, > 0 to always hold. Assume now case (ii) of Lemma 5 holds, for a
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similar argument, we need at least one between c,, and c¢,, to be positive. If ¢4, > 0,
the Lemma is trivially proven. If ¢,, > 0, case (ii) implies ¢4y > ¢4q > 0. This proves
the first part of Lemma 14.

To prove the second part of Lemma 14 we suppose it is false, i.e., at optimum the
contract features c,, > 0, and we prove that there exists a profitable deviation from
it, which contradicts its optimality. From Lemma 5 we know that c,, > ¢,, and also
Cau = Caa- The proof now depends on whether ¢,, > 0 or ¢,, = 0.

Let ¢4, > 0. Let the principal decrease both ¢,, and c¢,, by € so that their difference
remains constant (so not to affect the (T'R4) constraints). From the rearrangement
of the constraint above we see that both ¢, and c¢,, enter negatively in the LHS of
the (IC'). Hence decreasing them, would relax the (/C) rather than tightening it. In
particular, the LHS of the (/C) constraint has increased by —e(A%,, + A%,.)- Since
we are in the case where ¢,, > 0, the principal can also decrease both ¢,, and ¢, by €.
In this way the overall change in the LHS of the (IC) is given by:

—¢ (A;?aa + A;?au + A;j/ua, + A;yuu)
= ¢ (ﬁaaAra + P, AT, + P, AT, + ﬁwAru)
= —€e(Al'y + Al'y) = —e (AT, — AT,) =0

and therefore the (IC) binds again.

Finally, since both ¢,, and c¢,, have been decreased by €, then the principal can
decrease also w,, and w,, by the same amount. This does not violate the relevant
(LL) and holds their difference constant. Hence, it does not violate any of the (T'Rp)
constraints. This new contract {wys, ¢ss}e s implements high effort at a lower cost.
Hence, a contract where ¢, > 0 and ¢,, > 0 cannot be the solution to the problem.

Let now, instead, the optimal contract feature c¢,, = 0 and define Ac, = Cuy — Cun.
We divide the proof for this case in three steps.

Step 1

When ¢,, = 0, the (TR,4) imply:

Fun Yua

Acuﬁ S Cau S Acuﬁa (27)

where, since we are in case (ii) of Lemma 5 either only one of the two inequalities holds
as equality, or none. Suppose none of the two is strict, or the second one is, the principal
can decrease both ¢,, and ¢, by € keeping Ac, constant, relaxing the (IC') constraint.
In particular the LHS of the (IC) has decreased by €(A%,, + A%,.) < 0. He can then
decrease ¢,y by § = W bringing the LHS of the (/C') back to its original value.
Clearly for some ¢, this deviation can be done until the first inequality in (27) binds.
Finally, to see that this is optimal for the principal, notice that according to the (LL)

constraints, she can now decrease w,, up to € and wg, up to §. By decreasing both by
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min{e, d}, their difference does not change. Hence, (T'Rp) constraints are not affected
while the objective function decreases. This implies that at optimum if ¢,, = 0, the
first inequality of (27) binds.

Step 2

Given that Acu H = ¢4, must hold at optimum if ¢,, = 0, we now show that

the principal has at “her disposal the following optimal deviation from a contract with

. = 0 and ¢,, > 0. Let her decrease c,, by e and ¢, by €9 < €. Then Ac, has
decreased by (€ — €y). In order to keep Acu Ty = Cqu, the principal decreases cq, by
(e—€o) 1““ It remains to check if this dev1at10n can be made in such a way that it does
not violate the (IC'). The change in the (/C) is:

~H
(6 - 60) Aﬁ)/au eAﬂ?ua - 6OA;}/uu
f)/

= AT, {e (ﬁw - %—%) + € G—% - I%H

- AFE ¢ (Pl = Pul) o (Bl + BTt
_ AFEI (PWFH P(1—TH )) + eoPuu}

= ?{I;a :E(Ff — Pu) + EOPUU] )

which is positive when:
€ <Ff — ISW) + eolsuu > 0.

If T > P,., the above is always true. If instead ra < P,, then the principal has to

choose € € {60,6015 ﬁ“i“rH }
Step 3

To conclude, given the decreases in the ¢, the principal can now decrease w,, up
’Yuu

to €y and wg, up to (e — 60) By an argument similar to the one is Step 1, she can
decrease both by the smallest “of the two limits, decreasing the objective function. This
provides the desired contradiction and hence, a contract where c,, > 0 and ¢,, = 0
cannot be the solution to the problem.

Finally, since a contract where ¢,, > 0 and c,, > 0 cannot be a solution to the

problem it follows that ¢, = 0. This concludes the proof of the Lemma. 1

Lemma 15. If the agent believes signals are negatively correlated, i.e., ((2)) fails to
hold, then constraint (TR%) always binds in any optimal contract implementing high
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effort. Therefore:

Proof. Suppose not. Given the Lemmas and that the T'R9 is slack, proven till now the
problem that the principal faces is given by

min waa7$+waUVg¢ + wua%{{z + wuuf?/ﬁz (28>
{wtsicts}t,se{u,a}

St CaaDYy F CauDV gy + Cua DYy — AV >0 (1C)
waa%ﬁ + wau’YgL < wua’}’gl + wuufygl (TR%)
Wy Vi + Wou Vit < Waa Vi + Wau Ve (TR%)

Caa’?é{g, + Cuai/uHa > Cauié{z (TR?LX)
CauTVam = CaaVaw + CuaVm (TRy)
Wes Z Cts Z 0 \V/t, s € {(I, U} (LLtS)
and we can rewrite the T'Rp and T'R 4 constraints as
,yH ,YH
(wau - wuu)% S(wua - waa) S (wau - wuu)% (TRP)
’yaa Vua
;?H ~H
Cua,,_q]j? S(Cau - Caa) S Cua~_1;_?- (TRA)
/YG,'U, aa

The principal can then decrease c,, by €, such that the T'R9 still holds, and ¢, and
Caa DY e]5ua. Since the difference c¢,, — ¢4, is constant, the T'R4 still hold. The IC' is
invariant since its LHS has changed by

—eP,, (A%, + AY,,) —€AY 0 = AFG(GISM —€eP,,) =0.
AT,

We are now left to show that this is optimal for the principal. Notice that both c,,
and c¢,, have decreased. Hence, the principal can decrease both w,, and w,, by epua.

This does not violate T'Rp and decreases the objective function, providing the desired
contradiction. &
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Given this, we can rewrite the IC' as

<A:)/aa - ’yaa Af}lua) + Cau |:A§/au ryaa Aﬁ)/ua:| — AV >0

ua

<AF P, +1 g 9 AT ) T (Araﬁw _ AT > —AV >0

FH
~ AV
PaaFH) o (Puull! = PoaTl1) >
( Ty +c a AF
~ ~ ~ AV
CaaPaa(TE + TI) 4 ou | Pau (1 = TH) = BT | > Erf
_ ~ AV
aPaa + o (Paw = P2 = a2
C +c < ol > AT, v
~ AV
alaa + o (Paw = TI1) > ST
C +c AT, @

Lemma 16. If the agent believes signals are negatively correlated, i.e., ((2)) fails to
hold, then LL,, and LL,, bind in any optimal contract implementing high effort, i.e.,

Waq = Caa aNA Wyy = 0.

Proof. Consider the T'Rp

Pau Puu
(wau - wuu) S (wua - waa) S (wau - wuu>_
N Paa S——— N P’u,a/
~~ middle term ~~
LHS RHS

Start from LL,,. Suppose it does not bind. Then the principal can increase wg, by

e and decrease wy, by €; = 61;““. The values in T'Rp change. The RHS increases by
. The middle term also increases by ;. The LHS increases by eZfax . To see that the
LHS stays lower than the middle term notice that

PCL'lL P’U/LL
<e€
Paa_ PU

€

s]

since

Paupua < P(I(IPUU
by Assumption 2. Now notice that this creates an overall effect on the objective function

given by

Puu I 1 1 "
- Pua Puu - _Paupua_PaaPuuFa < 0.
Pua -5 Yaa = Pua (fYau Yaa ) € Pua ( )

Hence this deviation contradicts the optimality of w., > cuq.

H
You —

For the LL,, we follow the same logic. Suppose it does not bind. The principal can

decrease w,, by € and increase w,, by ¢ = E%Z. The values in T'Rp change. The RHS
Pau

increases by €. The middle term increases by €;. The LHS increases also by €;. To



58

see that the RHS stays larger than the middle term notice that
Pau S EPUU
Paa P’LL(I

as above. Now notice that this creates an overall effect on the objective function given

by

€

P,, 1 1
_6751; + EP ’7151 = EP (Vqﬁpau - Wﬁﬁpaa) = 6P_(Paupua - PaaPuu)Ff < O

Hence this deviation contradicts the optimality of wy, > cuy. I

PrRoOOF OF PROPOSITION 6

At optimum it is of course true that either T'R% or 'R} bind, or both. Since, however
P..P.. — PuwwP.,, > 0 and w,, = 0, the only way to have both binding would be for
Wyq = Waq and wy, = 0. From Lemma 14, however, we know that c,, > 0. Hence, at

least one for the two constraint has to be slack.

Constraint 'R} binding. Suppose the optimal contract sets the T'R% binding. We

then have

au
Wya = Wau + Caa

Paa
which results in the following objective function

P(lu
Caa (7;1; + %Z) + Way (’Ygt + 2 71%) :

Since w,, has a clear positive effect on it and the only constraint left on it is LL,,, we

have that wgy, = cq,. We can further simplify the objective function

Caa (yg —+ 75;) + Way (Vi + Pau7H>

P, ua
= Cqa (75(11 + 75{1) + Cauf)l (PaaPauFf + Paupuarg)
= Caa (f)/gl + P)/?Z) + Cau i‘l“ (Paarf + Puarﬁl)
= oo (V4 1EL) o 72 (34 0L)
= (o +92) [en gt

which is equivalent to minimizing:
Py
Caa + CauP_-

This implies that iso-costs have slope —P,,/P,, < 0.
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On the other hand, the /C' is not necessarily negatively sloped. Its slope is given by
P, —TH

Paa

which is negative only if b, < P, — '
The reduced problem for this case is given by

i + FPou (29)
min CaatCan—
{wts7cts}t,se{u.,a} Paa
- - AV
b CouPoatcan (Pau _ FH> > 2¥ pa IC
Cau > Caa (TRY)

Positively Sloped IC. Suppose b, > P,, — 'l the slope of the IC is positive and
smaller than 1. To see this notice that

M —P,<P,=TI-1<0

which is always true. Hence the binding constraints can be represented in (¢quy, Caq)
space as in Figure 11.
caa

Cau = Caa

(I1C)

Cau

F1GURE 11. The shaded area represents the set of contracts satisfying all
the constraints of the minimisation problem when the (/C) is positively
sloped and the agent believes signals are negatively correlated.

In the Figure costs decrease towards the origin of the graph. The shaded area
represents the set of contracts satisfying all constraints and the optimal contract is
therefore at point Y. At Y, cuy = Caa > 0 = ¢y We derive the full contract below in
Lemma 17 and show that it is equivalent to the BPE contract.
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Negatively Sloped IC. Now suppose that b, < P,, — I'1.2! Then the problem can be

represented as in Figure 12 below.

Caa

Cau = Caa

Cau

F1GURE 12. The shaded area represents the set of contracts satisfying all
the constraints of the minimisation problem when the (IC') is negatively
sloped and the agent believes signals are negatively correlated.

Once again, costs decrease towards the origin, but whether the minimum point lies
at Y or X depends on the comparison between the slope of the IC and the one of the
iso-costs, as in the case of an overconfident agent. In particular, the minimum lies at
X if iso-costs are flatter than the /C. This happens when

Pau Pau_rg
< —
Paa_ Paa
Paupaa S Paupaa_rfpaa
baPau+baPaa S PauPaa_FfPaa_PauPaa
ba(Pau _'_Paa) S _Fﬁlpaa

ba S _Paarf (3())

Notice that —P,,I' < P,, — ', Hence (30) implies the negative slope of the IC.

Lemma 17. If the agent believes signals are negatively correlated, i.e., ((2)) fails to
hold, and (T'R%) binds, then the optimal contract implementing high effort is given by:

Waa = Cou  Wau =

Caa = Cau  Cau =

— Cau

Cau Wy =0 Wye = Poa

AV =0 cu=0.

AT,
which fully replicates the BPE contract.

2INotice that this restriction may already fail for an optimistic agent if Py, < i,



Proof. Simply substitute c,, = ¢4, into the IC and notice that

- - AV
Cau(Paa + Pau - Ff) — AT Fu
implies
AV T, AV

o = AT, (1-TH) AT,
For w,, notice that

Pau (Pau ) (Pau+Paa>
Wyq = Cau5— + Caa = Cau | 5— + 1) = Cou \ — 5 | =

paa Paa Paa

61

Since for an optimistic type b, is never smaller or equal to —P,,I'Z | the BPE contract

is the only possible contract for an optimistic agent who believes signals are negatively

correlated, if the T'R% is binding.

No TRp constraint binding (no deadweight loss contract). Suppose, now, all

TRp are slack. Then clearly all LL;; constraint bind since the principal wants to

decrease the expected wage paid as much as she can and they are the only constraints

preventing her to set the w;; = 0. We have

~ H
_ Taa

Wis = Ctsy  Cyy = Oa Cua = ~x (Cau - Caa)-
ua
Then the principal solves
,.~YH
. H H H
min Caa Voot Can Yoy T+ j; (Cau = Caa)Via
{wt31cts}t,s€{u,a} ua
. - AV
St CaaPaatCa (Pau _r# ) Sl
AT,

Cau 2 Caa'
The sign of the slope of the iso-costs are not as trivial as above.
The objective function can be rearranged to obtain

1 . - - -
—7 Caa(Van Vo — VanVen) + Cau(Vau T + Vi Von)

ua

which is equivalent to maximizing
caa(PaaPua = PaaPua) + Cau(PauPua + PaaPua).
Hence the slope of the iso-costs is negative if:
PaaPua = PaaPua
= byPay — by Py > 0.

Now notice two things

(31)

(IC)

(T'R%)

(32)
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(1) If the IC is positively sloped the optimal point would be at ¢4, = €44, regardless
of whether costs decrease towards the origin (negatively sloped iso-costs) or
towards the top-left corner (positively sloped) in (¢qy, o) space. This, however,
yields an unfeasible contract since ¢,y = Coa = Cua = 0 = wyq, Which violates
the T'R% constraint since

Py

C[l’lL
Paa

(2) If the IC' is negatively sloped, the constraint of the problem are the same as the

> —Cqu-

ones represented already in Figure 12. When the iso-costs are positively sloped,
or when they are negatively sloped but steeper than the IC, the optimal point
would be at ¢qy = Caa( = Cue = 0 = wy,) again.

These two observations imply that the only possible feasible contract for this case
is one where the iso-costs and the IC' are negatively sloped and the former are flatter
than the latter.?? This happens when

Paupua+paapua<Pau_ba_Ff

Paapua_paapua_ Paa_l—ba 7
(Pau+Paa)Pua+buPau+baPua<Pau_ba_FaH
Paabu_bapua o Paa+ba 7

(Pua + buPau + baPua)(Paa + ba) < (Paaby = baPua)(Paw — ba — T2,
PaaPua + buPaa Py + baPuaPua + baPug + babuPay + b2 Pua

<
buPaaPau = babuPaa = bul't Pag = b Pua P + b Pug + bal't Pua,
PoaPug + boPua + b PuaTH + byby, + 0,77 P, >0

ba(Pua(]- + Ff) + bu) S _Paa (Pua + burf)

which generates
(Pua + b, I'H )
(Pua(1+TH) 4 by)

ba <

_Paa (33)

that always fails for b, < 0.3

Constraint TR}, binding. Suppose now we are in the case of T'R}% binding. We have

uu
Wy = Wau, + Caa-

Pua

22Notice that since we assumed that the TRp are slack, they cannot be considered as restrictions to
the problem. On the contrary when we assumed the T'R% binding in the previous case we made no
assumption about the LL;; and therefore they were considered as potentially binding.

ZBNotice that (Pue(14TH) 4+ b,) > 0 is always true since

—P,,(14+THy < —P,, <b,.
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In this case the objective function is given by

Puu
Caa(’}/gl + 71%) + Wau <7§q€ + P PuaFuH)

= Caa(Vats + V) T Wau (Vay + Pualy))
= caa(%ﬁz + 752) + Way (P)/g; + 'Yqi)

Since w,,, has a clear positive effect on it and the only constraint left on it is LL,,, we
have that wg, = c4,. The reduced problem for this case is therefore given by

min Caa(’}/gl + %ﬁ) + Cau (’75; + 715{;) (34)
{wt87CtS}t,s€{u,a}
. - AV
b CaoPaatcau <Pau - FH) > =T IC
Cau = Caa- (TR})

We can immediately see that iso-costs are always negatively sloped.

Lemma 18. If the agent is optimistic and believes signals are negatively correlated,
then there exists no optimal contract implementing high effort where (T RY%) binds.

Proof. Suppose not, and the TR% binds. Suppose b, > P,, — ') the IC are positively
sloped and Figure 11 represents again the constraints of the problem. The optimal
contract would feature ¢,, = 0 and the contract resemble the one of Lemma 17 with
the only difference that

C(ZU

uu
Wya = Cau + Cou =

Pua Pua

However, since P,, < P,, (from Assumption 2) this contract is clearly dominated by
the BPE contract in Lemma 17.

If instead the IC' is negatively sloped, we are, once again, in Figure 12, where a new
contract may arise if iso-costs are flatter than the IC' (if instead they are steeper we
have the BPE contract again, for the reasons just explained). As standard by now, we
are going to show that this case can never happen if the agent is optimistic. Iso-costs
are flatter than the IC' if

(Pua + bu)(’VgL + ’Yzﬁ) < (pau - Ff)(%ﬁ + ’Yﬁu)

Notice that the condition becomes looser the smaller is b,. Since the agent believes
signals to be negatively correlated, from (2), b, must be at least P, + b, — Py, =
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P,. — P... Hence we check the above assuming the floor value of b,.
(Pua + Paa = Pua) (e, + i) < (Paw = T2 (i, + i)
Paa(Yau + V) < (1= Paa = T3 (v + 7a0)
Paa(Vawe Yo + Y + Vo) < (1 =T (s + 7a)
Paa < T (Ve + 7a0)
Py + by —TH(P,, T + P,,IH) <0
P.o(1=THTH) 44, — P,, (T7)? < 0.
where we know that P,, > P,, by Assumption 2 and we can calculate
(1—THTH)y =1 —TH 4 (T7)* > 1-T7 > (1-T7)" = (17)*.

Hence the LHS is always positive for b, > 0 and the condition can never been satisfied
for an optimistic agent who believes signals are negatively correlated. This concludes
the proof. n

PROOF OF PROPOSITION 7

To see this consider the proof of Proposition 2 and notice that everything follows
through in this case as well until condition (22) which can never hold for b, < 0.

PROOFS OF PROPOSITIONS 8 AND 9

To prove the Propositions we build on the findings of the proof of Proposition 6.
First, we show that when (11) and (12) hold, the PED-DL is the optimal contract
set up. Second we show that when (11) fails but (13) and (14) hold the PED-NDL
is feasible and optimal. Finally, we show how Lemma 18 holds in this case too. The
proofs described here are true also for the results for a skeptical agent highlighted in
section 6.

Start from the case where TR binds and notice that (30) (which is the equivalent of
(12) and will be denoted 12 from here on) may now hold since the agent’s bias features
b, < 0.

From Figure 12 we see that when (12) holds, ¢,, = 0, ¢y, follows from Lemma 15
and to find ¢,,, we calculate

AV AV Ty,

auﬁau_rH - Fu:> au — = .
Can @) AT, ¢ AT, P, —TH
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Notice however, that given the value of w,,, whether LL,, holds or not is not straight-

forward. Hence, we have

Wyq = Cyq

Pau Von
aa
- Cau Z Wcau

aa Vua
~H
aa

g

au
Z <H
aa Yua

au:}/i{a 2 ;?g{bpaa
au ~uaF5[ Z Paapaarf
aupuarf - Paapaarf Z 0

PP 8 —p2rd o, P 07 — b, P, TH >0

aa— a

g

D T
gl

g

which generates (11).

Now suppose no T'Rp constraint holds and notice that (33) (which is equivalent to
(14)) may now hold. When it does we have the same contract of PED-DL with the
difference that now w,, derives from the LL,, instead of the T'R}% and therefore

Wya = Cua = —g Cau-

Further checks have to be carried out to be sure that the contract satisfies the T'Rp
constraints. We start from the T'R% and see that it holds as long as

au

Wyq > 55 Wau = Cua > 5 Cau

Paa Paa
~H ~H
7&(1 Pau r}/a,a Paa
ﬁcau > - Cau = ~H 5 Cau > Cau
rYua Paa %m Pau
~H
Vaa Faa ~H ~H
~?{a Z 1 = Paa%a - Pau/yua Z 0

Yua L au

PP, % — P, P, T2 >0

which yields the opposite of (11).
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Now we check for TR} to hold

uU
Wy S P_wau = Cua < P_Cau

ua ua
~H ~H
fyaa PUU f)/aa PUU
~HCau<P Cau ~HP Cau < Cqu

ua ua ua T ua

~H
Vaa Puu

Sl = Puuﬁ/fa_Pua;?gl>O

Y Pua
Puupuarﬁl - Puapaaré—[ >0

PuPul’ — PP + b, P, 17 — b, P, T >0
buPuuFuH - bapuarf > PaaPuaFaH - PuuPuaFf

which yields (13).

Before proving that no optimal contract exists where T'R% binds, notice that the
above contracts are feasible in completely distinct areas (since (11) separates them)
and that if all the conditions derived hold, they also “dominate” the BPE, they are
therefore optimal.

To conclude the proof we provide a different proof to Lemma 18. From the original
proof, notice that it is possible now for the iso-costs to be flatter than the /C. However,
we now show that (i) the resulting contract with ¢,, = 0 and TR}, binding is feasible
only if (13) holds, (ii) it is always dominated by the contract without a deadweight loss
derived above when the latter is feasible, (iii) it is always dominated by the contract
with T'R% binding derived above when the latter is feasible. Hence, this new contract,
even if optimal given the assumption of T'R} binding, is never generally optimal and
can be ignored.

Let’s start from (i). Notice that the contract lying at point X of Figure 12 for this

case is given by

_ _ _ _ P,
Waa =0 Way = Cau Wyy =0 Wya = F*Cau

_ Ay 17 _ — Jag
v = Ar, Boorn G =0 Cu = 3 Cay

Caa =0 ¢,

The calculations follow the same identical derivations of the case of T'R% binding but
for w,, which simply follows from w,, = cau% + Cqq given by the TRY%.
Given this, constraint LL,, holds if

P Cau > &
= g tau
ua

which generates (13) again.

For (ii) we compare the average wage payment in both contracts. Without the need
of any algebra, we notice that the no deadweight loss contract features wys = ¢4 for
all t and s and the compensations and wages offered by the two contracts are identical
but for w,,. Hence, the only way for the contract with T'R% binding to grant a lower
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expected wage payment than the no deadweight loss contract is for it to feature wys < ¢y
for some ts, which is infeasible.

Finally, for (iii) notice that the two contracts again feature identical ¢;s and wys but
for wy,. The contract with T'R% binding grant a lower average wage payment if

P, (AV TH _Pu AV T
Pua \AT P,, —TH) = Py \AT, P,, —TH

which boils down to simply

PauPua_PuuPaaSO

which is always true.
This proves both propositions and holds for a skeptical agent as well.

PROOF OF COROLLARY 1

First of all notice that the only difference between a PED-DL and an PED-NDL
contract lies in the wages. Hence

A~ o A~
§ CtsVis = E CisVts
ts ts

Therefore, to prove the Lemma, we need to check that

min {Z ch’?ts - V(/\H)7 Z C:ﬁrsﬁ/ts - V()‘H)a Z étsr?ts - V(AH)} > u

ts ts ts

Our welfare analysis in section 7 shows that
min { B(ci,), B(cl,), B(éw) } = Bcl,).

Hence, it is enough to show that the BPE satisfies the PC. From the BPE contracts

we can derive:

B(c;,) = cau(FE +72)

= S Gl + 1)
an
hence we simply check that
ﬁl‘fa Ty >a
(iﬁ — 1) V(AT V(AL)XIZHG > @
:ﬁaV(AH) - V(/\L)E:{a > 7
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which yields
H\PL _ L\TH
Lo VIEE - vOnT
- AT,

and proves the Corollary.

PROOF OF PROPOSITION 10

While ¢}, < ¢, we also have that ¢/ > ¢l . Therefore the check for ¢! > ¢, is

fyuu NGUF(IL{
1+ — — >1
Y& ) \ PoTH + P, (P, — TH)

which is equivalent to

given by:

Pouly! + Pl w .-
P, TH P, TH + P (P, —TH) ) —

and to . -
PauF + P, (I—Ff) S 1
p Ff‘l’P (Pa_ré{)_
P, < 1.

Which is always true since

To prove that max{¢u., Cua} > ¢, we simply check that

FH

—]Sau T > 1

which yields
rf i _p,,
——

which is always true.
PROOF OF PROPOSITION 11

Point (i) is trivial. Condition (9) comes from the study of how to minimize cost and
it selects the optimal contract precisely on the basis of the lowest possible expected
wage. Since both contracts are available at the moment of minimization none of the
two can minimize costs when the other is optimal.

To prove point (ii) notice that

* o * H * H * *
E(Cts) = CaaVaa + CawYau + CuaVYua + Con Vuu

AV 4 " AV H
- =——I,
AT, Yoz + Vau) = AT,
and
E(c;) = A+ + A lk + Al
AV AV

~H
- AF (ﬁ}/aa _'_f}/au) - AI’a a
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where we used the fact that v2 + 41 = 4% + 32 = TH (which is easily proven from

Lemma 1 and Assumption 3).
Point (iii) requires us to calculate E(c},).

I ~H ~H ~H ~H
E(cly) =t A8 + ch At + b A+ o AR,

~H | ~H
au+ uu =~ ~ ~
=, [Tou " Tuugr | g1 yH

!
el . P EH N~ -
= 2y + I+ )
Cszu H/~H |, ~H
— <H Fa (’Yau + ,yuu)

_ AV P, 74 p, i
Ay PpulH + Pyy(Puy — TH)
P, T7 + P, TH
Py TH 4 Py (P, — TH)

Since ' = 1—T# it is clear that the numerator is at least as large as the denominator.

= E(cj,)

This proves point (iii).
Finally, for point (iv) we need to calculate E(cl,).

H H H H
E(cly) = B + A2+ oy +

A

= Cou T’yaa + fygl + 75{1
_ AV vetTau + Yuu Voo + VauVau T VouTau Pudl'y!
AT, P, TH P, TH 4 P, (P,, —T'H)

AV 7, TH 15 P4 ~E P TH
T AL, PplH o+ Py(Byy — TH)
Pyl + PuuPaaltl + PPl
P, TH + P, (P,, —TH)
Hence, to prove our result we are left to show that
P8 + PPl + Py P Tl
Py T + Pyy(Pag — TIT)

> 1

which is equivalent to

PuupaaFuH + PuupauFuH Z Puu(ﬁ)aa - FaH>
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This requires some calculations.

PouPaa(1 = T1) + Pyu(1 = Pog)(1 = Tl) = Py P + Pl > 0
PuuPag = PuuPaall + Puw = PuuPag — Pul + PuuPoall = PuuPag + P >0
PuiPag = PuuPaa = PuulPaa — Pull + Pl — PuyPooll + PuyPoal' 4 Py > 0
From here, we substitute for some of the P, to get
(PuwPaa = PuuPaa — PuuPaa — Puuba) + (=P + P T — b, T+
(= PuuPoal? + b, P T 4+ Py PoulH + PuboI'H) + Py, > 0

and finally

—PouPag — Puuba = bul'Y + Puubal't + by Pool + Py > 0
~Pyu P — Puuby — Puyby + byby — 0,07 + PLb 07 + b, P TH 4 P >0
—Puy (Pag + ba) = Puuba + buba = 0, T3 + Puubal's' + by Paaly! + Py > 0

N
1-Pau
by (ba — T + PouTH) + P, [1 Cb(1-TH)— (1 Pau)] >0
bu (ba = Puul¥) 2 Puw [ba(1 = TJ1) + 1= Py — 1]
bu (ba — Paul'') > Puy [ba(1 = TH) = Poy + b,
bu (ba — Puul'') > Puy [ball — Pau + ba)
by (be — Puul'Y) > Py (ba(1+ T — Puy)
Notice now that the APE requires b, > P,,I', as described in the proof of Proposition

5. This means that the LHS is always positive and we can therefore derive the condition
presented in the Result.

PROOF OF PROPOSITION 12

First we study condition (15).

bo(1+TH) - P,
ba - Paurf

At b, = 0, condition (15) corresponds to b, < P, /(1 +T). Hence, P,,/(1+ %) is
the intercept of the RHS of the condition with the z-axis. Let

P./(14+T,) =b,.

To show that this condition is compatible with (9), and therefore that an area where
optimism is socially desirable always exists, we need to show that b, is larger than the
intercept of condition (9) (holding with equality) with the z-axis. We start from the



71

latter, which we already calculated in Part 3 of the proof to Proposition 5.
1-THw + P, T2Z
(1-TEYW + P, Z

ba:Pau

We then need to show that
(1-— Ff)W—i—PuuFfZ P,

P < .
(1-TIHW + P.Z (1+TH)

To do this, we get
1-THW + PpZ > (1 -THw + P, T2Z + (1 —THwrs 4 p, 15 218
Po.(1-THz — (1 -THwr? - p, 1z > 0
P.THZ —w(TH)? - P, THTHZ > 0
P THZ(1-TH -wW(Tri? >0 = P,Z-W>0
N——
rlf
We can now expand Z and W to get
PuZ —W >0
PP, %+ PP T —THp 4+ THP >0
(P — 1) PouTH + P, P TH +THP,, >0
N———
*Pua
— P 024 p, TH 4+ TH >0
P TH+TH(1—-P,) >0

which is obviously always true. This proves that an area where optimism is socially
desirable always exists, at least for b, = 0. We now show that this area also exists for
positive values of b,. To do this, consider the shape of condition (9) as in Figure 5.
Since we know that the curve of condition (9) intercepts the z-axis before (15), it is
enough to show that the loci of points where the two conditions hold cross only once
in (b,, b,) space and they do so at (b, b,) = (P, Puy). To formally prove the shape of
Figure 7 we are also going to show that the locus where (15) binds is concave in (b, by,)

space.
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Take the two conditions binding and equate the two RHSs to get:

p b4 T — P (Pu—by) (1T W
Y by — P 0H (by — P TH) Z

Puu [(ba(L+TY) = Po)Z — (b — PalE)Z] = — (Pou — b,) (1 =YW
P 0L Z — P T Z] = — (Pou —ba) (1 -THW

Puu(by — Pu)TIZ = — (P — b)) (1 =T W

(PuwZ = W)(bo — Pou) =0

(PunPaal's + PuuPuall = Paall + Pl ) (ba — Paw) = 0

((Puw = 1) Pal'l + Pua(Pu Tl +T2)) (b — Paw) = 0

Pyuo(=Pual'y + Pl + 1) (ba — Pau) = 0

Pua(Paul'g + Pl ) (b — Paw) = 0

which holds only if b, = P,,.When plugged into any of the two conditions we get that
the corresponding value is b, = P,,. Hence the two curves cross only at that point.
This concludes the proof of the Proposition. To show that the RHS of (15) is concave
simply calculate the first derivative and obtain:

Obg | " by — P,

bo(1+T) — P T2 (1+TH) —b,(14+ T + P,

:Puu
(ba - Paurg)2
1-TH(14TH
:PuuPau = ( i - )
(ba - Paurf)2
1—2or# )2 1 — T'H)2
:PuuPau a+(a) :PuuPau ( a) > 0.

(ba - Paur£[>2 (ba - Paur{z{)z

The second derivative is obviously negative since b, only appears at the denominator.

PROOF OF PROPOSITION 13

Point (i) follows from the fact that the PED contracts feature the same wage but for
the ts = ua case and the optimality of the PED contracts (as in Proposition 11).
Point (ii)’s equality is straightforward. To see why the inequality is true we calculate
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E(éts) :éaaﬁ/i + éaur?fu + éua’?fa + éuui/ulil,
~H
:éau (ﬁ/fq; + :y_?{a/?uHa)
=Cau (;}'/GI,{L + '?(11{1) = éaurf
AV THTH
_AFaH pau - F(Ij '

Hence to prove point (ii) we simply need
FH

W>1 = IH4rTH_p.,.>0
wu — Lk —_——

1
which always holds.
Finally, to prove point (iii) we calculate

. . H A~ _H A~ _H , » _H
E(Cts) =CaaY aa + Cau qu + CuaVua + CunVuu

~H
:éau <7£L + Y?}z f)/ﬁla)

ua

AV i e+ Ve Ve
_Argl paupua - 1—‘é{pua.

Hence to prove point (iii) we need
YouVua + VaaVua o i
PuiPug —THP, "
Yauea + Vou Voo > Thl (PauPua = T Pua)
P PuaUi Tl + Pag Puo Ul T > T (Pry Pug = T Pua)
PauPuall + PaoPual'tl = PauPua + Tl P > 0
PouPual'sl + PaoPual'ss —PauPuq + Tt Pug
Pual'll ’
by PouTH 4 b0y PuuTH 4+ 04 Py — by Poyy + boby + 0, T2 >0
Pu(TH — P+ TH) 4 by (PouTH — Py + T 4+ by (PuuTH + Py +b,) > 0

Pl = Py) + by | Pou (T = 1) 4T | + 0, (Pua(1+TF) +b,) >0
N——
v
PuuPou + b, T (1= Poy) + by (Pua(1+T) 4+ b,) >0
ba (Pua(]- + FUH) + bu) > _PuaPaa - burfpaa

which generates the opposite of (14).
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PROOF OF PROPOSITION 14

The first statement is trivial since the PED-NDL contract is optimal only if (14)
and it would be socially desirable only when (14) fails. Hence, the PED-NDL contract
never Pareto improves over the BPE contract when it is assigned.

The second statement follows from point (iii) of Proposition 13.

PROOF OF PROPOSITION 15

The deadweight loss under the standard and APE contracts is equal to ), (w}, —
¢t =cl =0, the deadweight loss is smaller under the APE contract if

w:a > w"ll:l/a
P 7 o
AV 1 AV B, IH (1 N 7H>
AI‘a Paa AFCL pauFaH + puu(Paa FCIL{) ,’?gj,
p, I p, ' + p,TH
1>P e s -

“PuTH + Py(Py—TH)  P,IH
PaTl + Puu(Paa = T2) > PagPauUY + Pag Pl
(1 = Po) P + Py Poy — P T — PP I >0
PauPul!1 + By [Pay = T2 = Py(1 = T)] > 0
PoiLu T + Py (Pag + bo = TF — Py + P TH) > 0
PauPau T + Py [ba — (1 — Poa)TH] > 0
Pouu(Pay — b)TH 4 P, (b, — P TH) > 0,

which is always true since in the APE contract we have b, € (P2, P,,].
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Similarly, the deadweight loss under the PED-DL contract is given by

Z (UA}ts - éts) ’71{:91

ts

au'yua - aa’)/aa> AV FuH
Paapuar

o AV Pau7ua — Paa’?ﬁ
AFA Paapua (Pau - Fg)

To see that the deadweight loss in a PED-DL contract is always lower than that in a

BPE contract when the PED-DL one is optimal we calculate

AV 1 AV Py~ PV

AT Pua ™ BT, 7, (P - 1%)

Pou ey — Paaen

Pro (Puw — 1)

Pout — PaoAlh — PuaPau + Pual'l{ <0

PouPuall = Pag Pl = PuoPuy + Puol'l{ <0

PauPualt = PaaPaal'l = PuaPau + Pual'| + by Paull = bg Pagl = by Paw + b Puq + buby + b, < 0

PauPua (T = 1) =Pag Paal'E + Puall{ + by (Paull — Py + L) + ba(Puq + by — Pagl') <0
~——

—-TrH

P, T2 (1 = P =PouPoul? + b, (P (TH — 1) + TH) 4+ b, (P — PaTH) < 0
P

P TH(Py — Poo) + b, (1 — Py) + bo(Pug — PusTH) < 0

Paarf(Pua - Paa + bu) + ba(Pua - Paarf) < 0

P TH (P — Poy) + ba(Pua — PouTH) < 0.

1>

Recall that for the PED-DL contract to be optimal b, € [—Paa, — P, T ] Since the
above inequality is linear in b,, but its effect on the LHS is not straightforward, we can
check that it holds at the extremes of the interval. At b, = —P,, we have

—PyP+P21T8 4P P T —P2TH = _P, P+ PPl = PP (TH —1) < 0.

aa™ a aa— a
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At b, = — P, T we have
_Paapuarf+Pfa(rf)2+PaaPme_Pjarf = Pfa(Ff)Q—PfaFf = Pfaff(Ff— 1) < 0.

This proves that the PED-DL contract always features a smaller deadweight loss than
the BPE contract.



