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Abstract

We study the optimal provision of insurance against unobservable idiosyncratic shocks in
a setting in which a benevolent government cannot commit. A continuum of agents and the
government play an infinitely repeated game. Actions of the government are constrained by the
threat of reverting to the worst perfect Bayesian equilibrium (PBE). We construct a recursive
problem that characterizes the allocation of resources and the revelation of information on the
Pareto frontier of the set of PBE. We show that the amount of information revealed by an
agent depends on the continuation utility with which he enters the period. Agents who enter
the period with low continuation utility reveal no information about their current shocks and
receive no insurance. Agents who enter the period with high continuation utility reveal precise
information about their current shocks and receive “second best” insurance as in economies
with perfect commitment by the government.
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1 Introduction

The major insight of the normative public finance literature is that there are substantial benefits
from using past and present information about individuals to provide them with insurance
against risk and incentives to work. A common assumption of the normative literature is that
the government is a benevolent social planner with perfect ability to commit. Commitment
power typically implies that the more information the planner has, the more efficiently she can
allocate resources.!

The political economy literature has long emphasized that such commitment may be dif-
ficult to achieve in practice.? Over time self-interested politicians and voters — whom we will
broadly refer to as “the government” — are tempted to re-optimize and choose new policies.
When the government cannot commit the benefits from more precise information are less clear.
As governments become more informed, they may allocate resources more efficiently — as in the
conventional normative analysis — but they may also be tempted to depart from the ex-ante
desirable policies. The analysis of such environments is difficult because the main analytical
tool to study private information economies — the Revelation Principle — fails when the decision
maker cannot commit.

In this paper we study optimal resource allocation and information revelation in a simple
model of social insurance — the unobservable taste shock environment of Atkeson and Lucas
(1992). This environment, together with closely related models of Green (1987), Thomas and
Worrall (1990), Phelan and Townsend (1991), provides theoretical foundation for a lot of recent
work in macro and public finance.> The key departure from that literature is the assumption
that resources are allocated by a government that, although benevolent, lacks commitment.
We study how information revelation affects the incentives of the government and characterize

the properties of the optimal insurance contract.

!The seminal work of Mirrlees (1971) started a large literature in public finance on taxation, redistribution
and social insurance in the presence of private information about individuals’ types. Well known work of
Akerlof (1978) on “tagging” is another early example of how a benevolent government can use information
about individuals to impove efficiency. For the surveys of the recent literature on social insurance and private
informaiton see Golosov, Tsyvinski, and Werning (2006) and Kocherlakota (2010).

2There is a vast literature in political economy that studies frictions that policymakers face. For our purposes,
work of Acemoglu (2003) and Besley and Coate (1998) is particularly relevant who argue that inefficiencies in
a large class of politico-economic models can be traced back to the lack of commitment. Kydland and Prescott
(1977) is the seminal contribution that was the first to analyze policy choices when the policymaker cannot
commit.

3This set up and its extensions are used in a variety of applications, such as the design of unemployment and
disability insurance (Hopenhayn and Nicolini (1997), Golosov and Tsyvinski (2006)), life cycle taxation (Farhi
and Werning (2013), Golosov, Troshkin, and Tsyvinski (2016)), human capital policies (Stantcheva (2014)),
firm dynamics (Clementi and Hopenhayn (2006)), military conflict (Yared (2010)), international borrowing and
lending (Dovis (2009)).



Our economy is populated by a continuum of atomless agents/citizens who are subject to
privately observed taste shocks and by a benevolent government that allocates an endowment so
as to insure the citizens against these shocks. Agents transmit information about their shocks
to the government by sending messages. The government uses these messages to form posterior
beliefs about the realization of agents’ types and to allocate resources. The main friction is that
ex-post, upon acquiring information about agents’ types, the government is tempted to allocate
resources differently from what agents require ex-ante to reveal information. In particular, the
more precise the information that is available to the government, the higher its payoff if it
decides to re-allocate resources.

To highlight the main mechanism underlying our results, we begin the analysis of a simple
two period economy in which individuals receive idiosyncratic shocks only in period 1. A
benevolent utilitarian government makes pre-election promises about how to allocate resources
across individuals. After agents communicate their information, the government can pay a
cost to break its pre-election promises and choose new allocations. We characterize agents’
and government’s strategies in perfect Bayesian equilibria (PBE) that maximize the weighted
average of lifetime utilities of all agents. We take these Pareto weights as exogenous in the
two period economy, but they emerge naturally in the infinitely repeated game through the
dynamic provision of incentives.

When the cost of breaking promises is infinite this problem is isomorphic to usual principal-
agent models. In that case, standard Revelation Principle arguments apply and all agents
reveal full information about their shocks and receive second best insurance. Full information
revelation is no longer optimal if the cost of breaking promises is sufficiently low. To study
equilibria in such settings we first show how to rank agents’ reporting strategies by their
informativeness. We then show that, at the optimum, the informativeness of the agents’ reports
is monotone in the agents’ Pareto weights: agents with higher weights reveal more precise
information and receive better insurance. In addition, if an agent’s weight is sufficiently high,
he reveals full information about his type and receives second best insurance. On the contrary,
if an agent’s weight is sufficiently low, he reveals no information and receives no insurance. All
other agents reveal some but not all information about their shocks. We also identify a class
of economies in which insurance and information revelation takes a simple rationing rule: the
government allocates second best insurance contracts to a random subset of citizens while the
remaining agents receive no insurance.

We extend our analysis to an infinitely repeated game between a continuum of agents who

are subject to idiosyncratic taste shocks in each period and a benevolent government who



lacks commitment. In the Pareto optimal equilibria government’s actions are sustained by a
threat of switching to the worst PBE, in which no information is revealed to the government.
We show how to characterize the optimal information revelation and insurance recursively,
with each agent’s continuation utility on the equilibrium path serving as a state variable that
summarizes his past history. As in the perfect commitment case of Atkeson and Lucas (1992),
insurance against a high realization of the taste shock in the current period is provided by
lowering agent’s continuation utility. As agents experience different histories of shocks, there
is a distribution of continuation utilities at any given period.

Similarly to the two period model, the agent’s continuation utility at the beginning of the
period determines his optimal information revelation. Under quite general conditions agents
who enter the period with low continuation utilities reveal no information about the realization
of their shocks in that period and receive no insurance. In contrast, under some additional
assumptions on the utility function and the distribution of shocks, agents who enter the period
with high continuation utilities reveal their private information fully and receive second best
insurance.

The intuition for this result comes from comparing benefits and costs of revealing informa-
tion to the government. The benefits come from the fact that more precise information about
an agent’s idiosyncratic shock allows the government to deliver any given continuation utility
at a lower cost on the equilibrium path. These benefits depend on the agent’s continuation
utility; more precise information about agents who enter the period with higher continuation
utilities saves more resources. The costs emerge because the government is tempted to deviate
from the ex-ante optimal plan and to re-optimize. When the government deviates from its
equilibrium strategies, it reneges on all past promises and allocates consumption only on the
basis of its posterior beliefs about the agents’ current types. Therefore, the payoff that the
government receives off the equilibrium path depends only on the total amount of information
that was revealed and not on the identity of the agent who reveals it. For this reason it is
optimal that agents with higher continuation utilities on the equilibrium path reveal more
precise information about their shocks.

The threat of switching to the worst equilibrium also prevents the emergence of the extreme
inequality, known as immiseration, which is a common feature of environments with commit-
ment. In the invariant distribution continuation utilities of agents exhibit mean-reversion and
any agent whose continuation utility falls into the no-insurance region exits it in finite time.
Moreover, in the invariant distribution there is generally an endogenous reflecting lower bound

on agents’ continuation utilities.



An important technical contribution of our paper is to derive a recursive formulation for
an optimal insurance problem when the principal cannot commit. The main difficulty that we
need to overcome is that the government’s payoff after a deviation depends on the reports made
by all the agents. Since the information revealed by any agent affects government’s incentives
to renege on the implicit promises made to all other agents, we cannot directly rely on standard
recursive techniques that characterize optimal insurance by focusing on each history of past
shocks in isolation from other histories. We make progress by constructing an upper bound for
the value of deviation with some key properties. First, the value of this upper bound is weakly
higher than the value of deviation for all reporting strategies of the agents. This property
implies that, if we replace the true value of deviation with its upper bound, the incentive
constraint for the government will be tighter. Second, the value of the upper bound coincides
with the value of deviation if all agents play the best PBE. This property implies that the best
PBE is also a solution to the modified problem. Finally, this upper bound can be represented
as a history-by-history integral of functions that depend only on the current reporting strategy
of a given agent and, thus, the modified problem can be written recursively. The Bellman
equation that we derive resembles the standard problems in the recursive contract literature
with two modifications: (i) agents are allowed to choose mixed rather than pure strategies over
their reports and (ii) there is an extra term in the planner’s objective function capturing the
“temptation” costs of receiving more informative reports.

Our paper is related to a relatively small literature on mechanism design without commit-
ment. Roberts (1984) was one of the first to explore the implications of lack of commitment for
social insurance. He studied a dynamic economy in which types are private information but
do not change over time. More recently, Sleet and Yeltekin (2006), Sleet and Yeltekin (2008),
Acemoglu, Golosov, and Tsyvinski (2010), Farhi, Sleet, Werning, and Yeltekin (2012) all stud-
ied versions of dynamic economies with idiosyncratic shocks closely related to our economy but
made various assumptions on commitment technology and shock processes to ensure that any
information becomes obsolete once the government deviates. In contrast, the focus of our paper
is on understanding incentives to reveal information and their interaction with the incentives
of the government. Our results about efficient information revelation are also related to the
insights on optimal monitoring in Aiyagari and Alvarez (1995). In their paper the government
has commitment but can also use a costly monitoring technology to verify the agents’ reports.
They characterize how monitoring probabilities depend on the agents’ promised values. Al-
though our environment and theirs differ in many respects, they both share the same insight

that more information should be revealed by those agents for whom efficiency gains from better



information are the highest. Bisin and Rampini (2006) pointed out that in general it might be
desirable to hide information from a benevolent government in a two period economy.

In a broader context our work is also related to Skreta (2006) and Skreta (2015), who builds
on earlier work of Bester and Strausz (2001), Freixas, Guesnerie, and Tirole (1985), Laffont
and Tirole (1988), to study the optimal auction design in the settings in which the principal
cannot commit. Essentially all that work focuses on the interaction between a principal and
one agent, while our focus is on the insurance provided to a large number of agents. Our work
is also related to Shimer and Werning (2015), who study the design of trading mechanism
without commitment, and Cole and Kocherlakota (2001), who study dynamic games with
hidden actions and states.

The rest of the paper is organized as follows. Section 2 studies optimal insurance and
information revelation in a two period model. Section 3 describes our baseline infinite period

economy with i.i.d. shocks. Section 4 extends our analysis to Markov shocks.

2 Information revelation in a simple model

In this section we consider a simple model of social insurance where a policymaker’s ability to
commit to her promises is imperfect. Our environment is a two period version of the Atkeson
and Lucas (1992) set up. This economy allows us to transparently illustrate the main results
and explain the intuition behind them. The main steps in the analysis extend to more general
dynamic economies we consider in Section 3.

The economy lasts for two periods and is populated by a continuum of agents of measure

1 with preferences given by

1— 1—
1—p 1-p
for p > 0. These preferences are understood to be 6lnc; + Inco when p = 1. Here ¢ is

consumption in period ¢ and 6 is an idiosyncratic shock. We assume that 8 € © = {01,0y} with
O > 01, > 0. The probability of 0 is 7 (6) and we normalize » _, 7 (6) 8 = 1. The idiosyncratic
shocks are private information. Each agent belongs to one of the groups ¢ = 1, ..., I for some
I > 1. The measure of agents in group ¢ is denoted by ;. Group membership is observable
but does not affect preferences, shocks or endowments.

The economy has one unit of non-storable endowment in each period. It is allocated by
a benevolent government whose preferences are given by the average utility of all agents. To
allocate consumption the government collects information from agents about their idiosyncratic

shocks. Agents transmit information by sending messages from a message space M, where M is



a finite set with more than one element.* The government allocates consumption as a function
of agents’ reports. Our focus is on understanding properties of optimal information revelation

when government’s ability to commit is imperfect. It will be more convenient to think of

. . . . . . 1—p
resource allocations not in terms of consumption units ¢ but in terms of utils u = lep. The

resource cost of providing w utils is C (u) = [(1 — p) u]l/(lfp) for p # 1, C (u) = exp (u) for
p=1. Let v and ¥ the the greatest lower bound and the least upper bound on u.°

Formally, we consider the following three stage game. In stage 1 the government makes

pr
it

initial promises uf’ "+ M — R for all 4,¢ where u!”, (m) is the allocation in period ¢ to agent in
group ¢ who reports message m. In stage 2 agents report their types using symmetric strategies
;i © — A(M). We use o; (m|f) to denote the probability of reporting message m for an
agent in group ¢ who had shock 6. We use ¥ to denote the space of such strategies. By the
law of the large numbers, o; (m|f) is also the measure of agents in group i with shock 6 who
report m to the government. Finally, in stage 3 the government chooses a resource allocation
function u; ¢ : M — R for all ¢,¢.

The expectation of any variable x : M x0 — R is denoted by E,a = > x(m,0)o (m|0)(0).
(m,0)eMx0O
For any message m sent with positive probability (i.e. o (m|@) > 0 for some ) we analogously

define E, [z|m] using Bayes’ rule. We use boldface letters without subscripts to denote the
entire collection of strategies for all agents and dates, e.g. u = {u”}” Feasibility dictates
that u must satisfy ,
ZwiEgiC’ (uig) <1, for all t. (2)
i=1
If u — u?" is not equal to zero for any positive mass of agents, the government incurs a utility
cost T > 0. We focus on the Pareto frontier of the set of Perfect Bayesian Equilibria (PBE),
which for shortness we call best PBE, i.e. PBE for which there are no other PBE that give
higher lifetime expected utility to all groups, with strict inequality for at least one group.
Before proceeding we want to make several remarks about our set up. Our two period
model can be interpreted as a simple model of social insurance provided by a politician whose
ability to commit to her pre-election promises is imperfect. Probabilistic voting models along
the lines of Lindbeck and Weibull (1987) naturally lead politicians to promise, before elections,
to pursue policies that maximize a weighted average of groups’ utilities.® After the politician

is elected, she can break those promises at a cost T and pursue policies that maximize her own

*The finiteness assumption is made only to simplify the notation; our results extend direct to any set M.

In particular, v =0if p<landv=—c0if p>1; =0 if p<land 5=0if p > 1.

5See Song, Storesletten, and Zilibotti (2012), Farhi, Sleet, Werning, and Yeltekin (2012), Scheuer and
Wolitzky (2014) for applications to dynamic settings.



objective function.” An important special case of our model is I = 1, which corresponds to
a benevolent government that maximizes the utility of ex-ante identical agents. As we show
below, it is easier to characterize the efficient equilibrium by starting with a more general
economy with heterogeneity.

The structure of our two period economy also closely resembles that of infinitely repeated
games which we consider later in the paper. In such games both the cost of reneging on
(implicit) promises and the heterogeneity captured by the groups I emerge naturally. Trigger
strategies in repeated games are used to support efficient allocations and our parameter Y cap-
tures the cost of switching to the worst equilibrium if the government deviates from equilibrium
strategies. Heterogeneity emerges in repeated games because the need to provide incentives
to reveal information in previous periods implies that agents enter the current period with
different expected lifetime utilities.

We characterize best PBE of this game using backward induction. First consider the welfare
that the government can attain if it receives reports o = {0;}, in stage 3 and pays cost T to
re-optimize. Since the government is benevolent, it maximizes the sum of the agents’ expected
utilities conditional on the information revealed by o. The optimal choice of the government

in period 1 is the solution to

I
W(o) = Ena}x Z By, 0u; (3)
Yiti—
subject to
I
> ie,C(w) < 1. (4)
i=1

Since there are no shocks in period 2, all agents receive the same consumption allocation and
we use U to denote welfare in period 2.8
It is not efficient to break pre-election promises and, therefore, in any best PBE u = u?”
and (u, o) satisfies
T
> B, [fuin + uig] > W (o) + U —T. (5)
i=1

Agents’ equilibrium reporting strategies satisfy

Eo, [91%1 + uig] > EU; [91%1 + um] for all ¢, U;. (6)

"The assumption that the politician’s objective function is utilitarian is immaterial for our analysis and was
made to be consistent with the assumptions we make in Section 3. Our analysis extends directly to situations
where the politician weighs members of different groups differently, for example, by giving higher weights to
members of special-interest groups or members of her own party.

8Since the per capita endowment is 1, U is equal to 1 if p < 1, to 0 if p =1, and to —1 if p > 1.



To characterize best PBE it is sufficient to find (u*, o*) that maximize a weighted average
of the agents’ lifetime utilities subject to (2), (5), and (6). Let {¢;}, be the Lagrange multipliers

on (2). It is easy to verify that (u*, o*) can be written as a solution to a dual cost minimization

problem
min y ;¢ Eo, C (uiy) (7)
Tt
subject to (5), (6), and
v; = Eq, [Quiq + u; 2] for all 4, (8)

where v; is the lifetime utility of agents in group ¢ in a best PBE. Let v = (vy,...,v7) be a
point on the Pareto frontier of the set of PBE.

The direct characterization of problem (7) is difficult because W (&) is potentially a com-
plicated function of the reports of all agents. This captures the fact that the information
revealed by agents in group ¢ affects the incentives of the government to break its pre-election
promises and choose new allocations for agents in all groups. An important intermediate step
of our analysis, which is also central to our recursive characterization in Section 3, is to study
a modified dual problem in which the decision to re-optimize can be written as a function that
is separable in the reports of each group.

Suppose (u*, o) is a best PBE that delivers lifetime utilities v to agents and let A be the
Lagrange multiplier on the feasibility constraint (4) when o = o*. Define a function W : ¥ — R
by

W (o) = max Ey [u — AYC (u) + \7]. (9)

Since (3) is a convex maximization problem, W (o) can be written as (see Luenberger (1969),

Theorem 1, p. 224))

Wi(o) = rAn>18 1{2?})(2 By, [Bu; — AC (u;) + A (10)

< maxz¢l o; [Oui — AC (u;) + A" = Z% ,

with equality if & = o*. The modified dual problem is the cost minimization problem (7) in
which (5) is replaced with

1 1

Z V;Bo, [Oui1 + ui2] > Z ;W (o) +U - T. (11)

i=1 i=1
Lemma 1 Let (u*,0*) be a solution to the dual problem (7). Then (u*,o*) is also a solution

to the modified dual.



Proof. The constraint set is smaller in the modified dual due to (10). Since (u*,o*) is a
solution to the dual and lies in a constraint set of the modified dual, it must be also a solution
to the modified dual. m

Function W plays an important role in our analysis. Before describing its properties
we define uninformative and fully informative strategies. We say that o is uninformative
if B, [0|m] = 1 for all m and fully informative if for each m sent with positive probability there
is 0; € © such that E, [0|m] = 6;. We use %" and ¥ to denote the set of uninformative and
informative strategies, and o%" and o™ to denote elements of X" and X. All uninformative

strategies have the same value of W (¢"") and all informative strategies have the same value

of W (o).

Lemma 2 W is continuous, convex and achieves its minimum (mazimum) if and only if o is

uninformative (fully informative). Its solution u® satisfies C' (u” (m)) = E, [0|lm] /XY for all

m sent with positive probability. The derivative algg(f) = lim, o W((lfa)gzao/)fw(a)

exists for

all 0,0,

Proof. In the Appendix. =

The key advantage of studying the modified dual is that the separability of (11) allows
a simple characterization of the optimal information revelation. Let xy > 0 be the Lagrange
multiplier on (11) and let B (v;, 0;) be the set of (u1,u2) that satisfy (6) and (8) for given

(vi,0i). Then (u*,o*) is a solution to the Lagrangian

L= mmel EU,ZQ (i) + XW (o) (12)

subject to (u;1,ui2) € B (v;,04) .
The solution to the maximization problem (12) can be characterized in two steps. First,
for any pair (v,o0) define

k(v,0) = min Eo Z(t (13)

(u1,u2)€B(v,0)

Function k (v, o) is the resource cost of delivering utility v to an agent who plays reporting
strategy o. This problem reduces to a standard mechanism design problem when o € . We
call the solution to & (v,am) the second best insurance that gives an agent utility v. In our
settings x captures the resource costs of delivering utility v on the equilibrium path, that is, if
the government sticks to its pre-election promises. Function W, instead, captures the off the

equilibrium path incentives to re-optimize.



The optimal reporting strategy of each agent depends on the following trade-off. More
informative reporting strategies (which we formally define below) lower the cost of delivering
v on the equilibrium path, but also increase the incentives for the government to re-optimize

ex-post. The solution to this trade-off is captured by
k(v) =mink (v,0) + xW (o), (14)
g

which characterizes the optimal reporting strategy of an agent with utility v. The Lagrangian
L satisfies L =", ¥k (v;).

We are now ready to characterize the efficient information revelation. Since the constraint
set B (v,0) is linear in (v,u;,u2) and C' is homogeneous, function x (v,0) takes the form
k(v,0) = d (o) C (av) for some d (o) > 0 and a constant a > 0.7 This allows us to order all
reporting strategies. We say that o’ is more informative than o', " = o', if d (") < d(o”).
More informative strategies have a natural interpretation that they allow the government to
deliver any given utility at a lower cost. Naturally, o' > o > ¢*" for any o. The central result

of this section is the following proposition.
Proposition 1 If vy > vy then o, = o).

Proof. The objective function in (14) has increasing differences in (o,v) and, therefore,

the result follows from Topkis (2011). m

Function & (v, o) satisfies a version of the single crossing property in a sense that & (-, 0’) —
k(-,0") is increasing when o” = ¢’. The economic content of this result is that additional
information about the idiosyncratic shock of a high-v agent saves more resources on the equi-
librium path than additional information about the shock of a low-v agent. Since W does not
depend on v, in equilibrium it is optimal that high-v agents reveal more information than low-v
agents.

Figure 1 illustrates Proposition 1 graphically. Panel A plots k for three different reporting
strategies, 0", c“" and o ¢ X" UX"". The resource gains from better information, (v, c%") —
k(v,0) and kK (v,0) — K (v, Ji") , monotonically increase in v, converge to zero as v — v and
diverge to infinity as v — v. Panel B adds the off the equilibrium cost of deviation assuming y >
0. Since W (™) > W () > W (¢“") by Lemma 2, functions { (-,5) + xW ()} sefoun oin o)
must intersect, with less informative functions crossing more informative functions from below.

The lower envelope of these functions characterizes the best reporting strategy for each v.

’In particular, a = 1 if p # 1 and a = § if p = 1. Observe that if u; (m;v) is a solution to (13) for given v,
then uf (m;v) = vuy (m;1) if p < 1, uj (m;v) = —vuy (m;—1) if p > 1 and uf (m;v) = %eruI (m;0) if p = 1.

10



A: Cost of v without off-eqm deviation B: Cost of v with off-eqm deviation
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Figure 1: Panel A plots the resource costs needed to deliver utility v on the equilibrium path given any re-
porting strategy. Panel B adds the off the equilibrium cost of deviation.

This result illustrates the general principle behind optimal information revelation when the
government cannot commit — those agents should reveal more information for whom the on the
equilibrium path gains are high relative to the off the equilibrium path costs. In our setting
the on the path gains are increasing in the agent’s utility v (or, equivalently, in his Pareto
weight) while the off path costs do not depend on v. This implies that the agents with higher

weights should reveal more information.'”

2.1 Information revelation and the provision of incentives

In this section we provide more insights about the strategies that agents use to report their

information and the allocations they receive.

Lemma 3 Any point on the Pareto frontier can be supported by reporting strategies such that
each agent reports at most two messages with positive probability and for each group i at most

one 0 € © plays a mized strategy.

This lemma shows that we can restrict attention to simple strategies in which only one
type 6 randomizes between either pooling with the other type or separating from him. We can

parameterize such strategies by a pair (j, s) where j € {H, L} is the identity of the type that

10This arguments extends directly to other environments. Suppose that, along the lines of the set up discussed
in footnote 7, the politician is not benevolent but instead assigns weight &; to the utility of the members of
group ¢. Consider the optimal information revelation in the best utilitarian equilibrium that maximizes the sum
of utilities of all agents. Our arguments extend directly to this set up and show that agents who are valued
more highly by the politician reveal less information on the equilibrium path.

11



separates and s € [0, 1] is his probability of separation. In the appendix we show that Lemma
3 implies that the cost minimization problem if type L randomizes can be written as

K (v,s) = min smL [¢1C (u1 (mr)) + CoC (ug (mr))] (15)

{“t(mj)}te{lﬂ},je{H,L}

+ (g + (1 =)L) [(1C (w1 (ma)) + (oC (u2 (mp))]
subject to

v = smp[frur (mp)+uz (mp)] + (1 —s)wp (0w (mu) + uz (mp)] (16)

+mp [Opur (mp) + uz (mp))]

and

Oruy (mL) + u9 (mL) =0ru; (mH) + U9 (mH) . (17)

The cost minimization problem if type H randomizes, 7 (v,s), is written analogously but

(17) is replaced with
Oguq (mL) + usg (mL) = 0guy (mH) + ug (mH) . (18)

We define W (s) and W (s) similarly.
Let {ui (m;v, s)} , be the solution to the minimization problem defined by s’ (v, s). Let

vl (myg; v, 8) = Hku{ (my;v,s) + u]2 (mg; v, s) be the utility received by type 0.

Proposition 2 (a) Functions v/ (v,-), =W (-), — u% (mp;v,-) — u‘; (mm;v,-)|,
[ujl (mp;v,-) — ujl (mm;v, )} , v/ (mj;v,-), —v9 (m_j;v,-) are all decreasing.

(b) K7 (v,-) is differentiable and its derivative takes a form %/{j (v,8) = = (s) C (av) for
some b’ (s). There exist strictly positive g, such that b (s) € [g,&] and %Wj (s) € [g,E] for

all j, s.

Part (a) of Proposition 2 shows how the probability of separation is related to informa-
tiveness and insurance. Strategies with higher probability of separation are more informative
(since 7 (v, -) is decreasing and W7 (-) is increasing). More informative strategies save resources

because they allow the government to provide better insurance (u{ (mm;v,-) — ujl (mr;v,-) in-

creases). The incentive compatibility is preserved by increasing v}, (mr;v,-) — v} (mg;v,-) as
y Yy 2 » Y 2 » Y

well. Contracts that incentivize agent j to separate with higher probability also lower that
agent’s utility in favor of the other agent (v/ (mj;v, ) is decreasing, v/ (m_j;v,-) is increasing).
Part (b) of Proposition 2 characterizes marginal gains from more informative strategies on

and off the equilibrium path, %Hj (v,s) and %Wj (s) . One important observation is that the
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marginal gain from better information is always strictly positive off the equilibrium path. To
see this consider problem (15). The posterior beliefs of the government are bounded away from
each other for any s since Eg [#|my] = 01, < 1 < Eg[f|mg]. Thus any marginal increase in the
informativeness of s yields a strictly positive gain. On the other hand, the marginal gain from
better information on the equilibrium path, %mj (v, s), becomes unboundedly small as v — v

and unboundedly large as v — ©. We then immediately get the following result.

Corollary 1 For any point on the Pareto frontier, there are v—,v", withv < v~ < v™ < ¥
(with v < v~ if x > 0), such that if v; < v~ then o is uninformative, and if v; > v then o

1s fully informative.

Proof. Since the difference k (v,0"") — K (v, Ji”) goes to zero as v — v and to infinity as
v — ¥, while W (6“") — W (¢') is bounded, full information revelation cannot be optimal for
low values of v (as long as x > 0) and no information revelation cannot be optimal for high
values of v. If any intermediate reporting strategy is optimal, by Lemma 3 it is equivalent to a
strategy where only some type j randomizes between two messages. Since both x/ and W7 are
differentiable, the optimality condition can be written as %Hj (v,8) = x%Wj (s) . The bounds
in Proposition 2(b) rule out this possibility for sufficiently high and low v. =

This proposition shows that for any point v there are some bounds {v—,v"} so that if v; is
outside of these bounds then the optimal strategy is either uninformative or fully informative.
These regions may or may not be empty depending on the point v, although they are always
nonempty provided that {v;}, are sufficiently different from each other and T > 0. As we
shall see next, these regions play a key role once we consider a more general class of insurance

mechanisms.

2.2 Stochastic mechanisms and rationing of insurance

So far we focused on deterministic mechanisms: all agents from the same group ¢ were treated
in the same way by the government and received allocations as a function of their group identity
and their reports. Figure 1 suggests that such mechanisms may lead to a non-convex Pareto
frontier. In such cases stochastic insurance mechanisms will further improve welfare. In this
section we extend our analysis to such mechanisms.

Formally we consider the same environment as in the previous section but allow both the
government and the agents to condition their strategies on the realization of an agent-specific,
payoff-irrelevant variable z uniformly distributed on the set Z = [0, 1] . We keep all the notation

parallel to that in the previous section, but use bold letters to emphasize that the variable may
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depend on z. Thus uf;, u;; : M x Z — R are promises and final allocations of the politician

while o; : Z x ©® — R are the reporting strategies of the agents. The expectation for any

variable x € © x M x Z is now defined as EoX = [g 1/, 7 X (0,m, 2) 7 (d) o (dm|z,0) dz.
Our analysis of this game proceeds with minimal changes. Same arguments to the ones

used before show that the sustainability constraint for the politician can be written as

1 1
> i, B+ wia) = Y [ W (@i (z ) ds+ U T, (19)
i=1 i=1 z

which is the stochastic analogue of (11). The equilibrium strategies are a solution to the
Lagrangian
z

[stoch _ I{llglzwl/z [Em [Z GO ()
o = t

where u; (-, 2) and o (+|z, -) are subject to the incentive constraint (6) for all ¢ and z, and the

+xW (o (-], -))] dz,

constraint

v; = / Ee, [0u; 1 + u;2|2] dz for all i.
Z

Stochastic mechanisms improve welfare by relaxing constraint (8). For each realization of
z, the optimal {u;1 (,2),ui5 (5, 2), 07 (¢, )} is a solution to problem (13) for some v; (z) and
the relationship between v; and v; (2) is given by v; = [, v; (2) dz. The value of the Lagrangian
satisfies £310%h= " kstoch (v;)4h, where k*t°°h (v) is the convex hull of k (v) defined in (14).

The results of the previous section extend directly to stochastic mechanisms using the
following notion of informativeness. Without loss of generality we assume that o is increasing
in z in a sense that z” > 2/ implies that o (:|2”,-) = o (-|2/,-) and say that & is more informative
than & if & (-|z,-) = & (+|z,-) for all z. We call o fully informative (uninformative) if o (-|z, -)
is fully informative (uninformative) for all z. Since the optimal allocations for any & (-|z, -) are
the solution to (13) the analysis in Section 2.1 applies to stochastic mechanisms. The results

of Proposition 1 and Corollary 1 extend directly as well. In particular, we have

Corollary 2 Any best PBE is payoff-equivalent to a PBE with a property that vy > vy implies
ol = o5 There exist v—, v, with v < v~™ < v" <o (withv < v~ if x > 0), such that if

v; < v~ then o is uninformative, and if v; > vt then o} is fully informative.

The main new insight of this section is that stochastic mechanisms may lead to Pareto

improvements and take a particularly simple form.
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Proposition 3 Suppose p = 1. There is an open set D C R such that if ({Hj,ﬂ' (Hj)}j) eD
then for v; € [v™,v™"] the optimal strategies satisfy o (-|z,-) = o™, v} (2) = v~ if 2 < Z; and
of (|z,) = o™, vf

values of {w;,¥;}; or Y.

(2) =vT if z > z;, where z; = :r:;)i. The set D does not depend on the

The proof of this proposition is in the appendix. It shows that whether any strategy
o ¢ {am, a“"} is optimal depends only on the parameters {6;, 7 (0;)},, and not on any other
variables, including the Lagrange multipliers in problem (13). It also provides sufficient con-
ditions for {60;, 7 (6;)}, that ensure that partial pooling is never optimal.!!

When the assumptions of Proposition 3 are satisfied, insurance provision takes a simple
form. Only second best insurance, that requires full information revelation, is provided by the
government but access to this insurance is limited. Low-v; agents receive no insurance, high-v;
agents receive insurance with probability 1, while agents with intermediate values of v; receive
insurance allocated through a lottery. All agents in this intermediate range receive the same
allocations if they win the lottery, but higher values of v; imply better odds of winning the
lottery. One natural interpretation of the lottery is that insurance is rationed.

Consider the implications of Proposition 3 for the case when there is no ex-ante hetero-
geneity across agents and the government maximizes the ex-ante utility of all citizens. This
corresponds to I = 1 in our set up. Some information revelation is optimal in the best equi-
librium for all T > 0 but full information revelation is infeasible if T is not too high. Under
the assumptions of Proposition 3 none of the agents plays a mixed reporting strategy in this
case. Rather, agents are randomly assigned to two groups. Agents in the first group reveal full
information about their shock and receive the second best insurance that gives them utility v™.
Agents in the second group reveal no information and receive no insurance obtaining utility of
vo <ot

Finally, in this section we characterized the efficient insurance arrangements when agents
communicate directly with the government. This is a natural assumption in the context of
many political economy environments. In the Supplementary material we extend our analysis
to environments that involve a mediator, along the lines of Myerson (1982), and show that our

main insights carry over to such economies.

"'In fact, we cojecture that Proposition 3 is stronger as we have not been able to find parameters {0;, 7 (6;)},
for which it is not satisfied.

15



3 An infinitely repeated game

In this section we extend our analysis to infinitely repeated games. We consider a version of
the Atkeson and Lucas (1992) environment in which insurance is provided by a benevolent
government. Our main departure from that model is the assumption that the government
cannot commit.

The economy is populated by a continuum of agents of total measure 1 and the government.
There is an infinite number of periods, t = 0,1, 2, ... The economy is endowed with e units of
a perishable good in each period. An agent’s instantaneous utility from consuming c¢; units
of the good in period ¢ is given by 0,U (¢;) where U : Ry — R is an increasing, strictly
concave, continuously differentiable function. The utility function U satisfies Inada conditions
lim, o U’ (¢) = oo and lim.— U’ (¢) = 0 and it may be bounded or unbounded. Let u =
lime—oo U (¢), u = lim.—o U (¢) be the bounds (which may be infinite) of U. Let C = U~! be
the inverse of the utility function. All agents have a common discount factor 8. Let v = %,
V= % be the bounds on the lifetime utility.

The taste shock 0; takes values in a finite set © with cardinality |©]. In this section we
assume that 0; are i.i.d. across agents and across time, but we relax this assumption in Section
4. Let 7 (6) > 0 be the probability of realization of § € ©. We assume that 0; < ... < fjg
and normalize ) .o 7 (6) @ = 1. We use superscript ¢ to denote a history of realizations of any
variable up to period t, e.g. 0 = (o, ...,0;). Let m; (Gt) denote the probability of realization
of history #%. We assume that types are private information. Each agent belongs to a group
v € (v,v) in period 0 ([v,v) if utility is bounded below) and the distribution of agents over
(v, ) is denoted by 1. For now we treat 1) as exogenous following Section 2, but in Section
3.3 we endogenize it when we consider properties of invariant distributions.

Consumption allocations are provided by the government, which is utilitarian but lacks
commitment. Formally we consider an infinitely repeated game between the government and
a continuum of agents along the lines of Chari and Kehoe (1990) and Chari and Kehoe (1993).
Each period t is divided in two stages. In stage 1 agents transmit information to the government
about their type using a message set M, which for simplicity we assume to be countable. Each
agent sends a report m; € M about the realization of his type using strategy o;. The reports
are a function of current and past realizations of shocks 6!, current and past realizations of
idiosyncratic sunspot variables z!, past reports m!~!, initial group identity v, and the history
of government’s actions that we describe below. Let ht = (v, mt—1, zt) and ht = (v, m?, zt) be,
respectively, the idiosyncratic histories of agents before and after they submit reports m;, and

let H' and H' be the spaces of all such histories. A reporting strategy o; induces a probability
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distribution over M denoted by o (o]ﬁt, Ht) , which also depends implicitly on the history of
government’s actions. We assume that the law of the large numbers holds and the aggregate

distribution of histories h?, denoted by ,, is given by!?

poy(v) = ¥ (v),
we (B = (ht_l) Pr(z) Z T (0") oy (mt|ht_1, 2,0") .
oteot
The triple H?, its Borel sigma algebra, and p, is a probability space.
In stage 2 of each period the government chooses allocations. The allocations are mea-
surable functions u; from H® into (u, %) (into [u,u) if U is bounded below) that satisfy the
feasibility constraint. Using the shorthand notation Eqz; = [ 2;dp, for any measurable z;, the

feasibility constraint can be written as
EsC (u;) < e for all ¢. (20)

All variables defined above are also functions of aggregate histories. The aggregate histories
include the distribution of reports, p = {p,; };=, , and the distribution of allocations chosen by
the government, u = {u;};°,. The strategies of the agents and the government are restricted
so that they take the same values for any two aggregate histories that differ for a measure zero
of agents. Given this restriction the reporting strategy of any individual agent does not affect
the aggregate allocations in the game.

A PBE consists of strategies of agents and the government and posterior beliefs such that,
at each history of the game, each player chooses his best response given his posterior beliefs
formulated using Bayes’ rule. A best PBE is a PBE such that there is no other PBE that gives
higher utility to a set of agents of measure 1, and strictly higher utility to a positive measure
of agents. Without loss of generality we assume that v denotes the lifetime expected utility,

or payoff, that the members of group v receive in a best PBE.

3.1 The recursive problem

Our definition of equilibrium implies that there is no aggregate uncertainty. Along the equi-

librium path both the aggregate distribution of agents’ reports p and the allocations u are

2Strictly speaking, since z is a continuous variable, , is defined as follows. Let p_, = ¢. Any Borel set A’
of H! can be represented as a product At = A7 x B, X B., where A1 is a Borel set of H*™! and BB
are the my- and z-sections of some Borel set of M; x Z. Then p, is defined as

1y (At) =l (Atil) Pr(z: € B;) Zm (Gt) ot (Bm|At71,BZ,9t) .
ot
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deterministic sequences. Following standard arguments, government’s equilibrium strategies
are supported by a threat to revert to a PBE that gives the government the lowest utility, which

we call a worst PBE, if the government deviates. Next lemma constructs such an equilibrium.

Lemma 4 In a worst PBE all agents report the same message for all histories (Et,et) and

the government allocates U (e) independently of the agents’ reports.

Proof. Let o% be a reporting strategy in which the same message is reported for all
histories, let u* be the allocation rule that takes a constant value U (e) for all A, and let the
government’s posterior beliefs be given by Egw [9 |ht] =1 for all hl. It is easy to see that this
triple is consistent with Bayes’ rule and constitutes best responses of agents and the government

to each other’s strategies. Therefore it is a PBE. It gives the government payoff ?Eeg Since the

allocation u" is feasible for any other reporting strategies of the agents, government’s payoff
must be at least %‘2 in any PBE. Therefore, the constructed equilibrium is a worst PBE. m

Let o = {0}, be a reporting strategy and let p be the induced distribution of reports.
The highest payoff that the government can achieve in period ¢ is given by a function Wj (1)
defined by

Wi (11;) = max Eg0u, (21)
u

subject to (20). Therefore the best response constraint of the government can be written as

Eo ZBS*tGSuS > Wi (1) + 1_6& (e) for all t. (22)

s=t
Since each agent’s report does not affect aggregate distributions, agents’ incentive con-

straints are

o0 o0
Eo | Y B'0u|v| >Bor | > B0 v] for all o/, v. (23)
t=0 t=0
Therefore, any best equilibrium is a solution to
o
max Eo g B10,u, (24)

subject to (20), (22), (23), and

Eo

Z B0y
t=0

v] = . (25)

We start the analysis by simplifying strategies and allocations.
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Lemma 5 Any best PBE is payoff equivalent to a PBE in which oy is independent of 6°~!
and for which the following property holds: if there is some w € R and histories h't, K" such
that

w =By Zﬁs—tesus h/t =By Zﬁs—tesus h”t],
s=t s=t

then o <m|h’T,9T) =07 (m|h”T,9T) , ur (h'T,mT) = ur (h”T,mT) for all T > t where
T _ n inT __ "
W = (h ,zt+1,mt+1,...,zT), 't = (h ,Zt+1,mt+1,---,ZT) for some (2441, Mt41, ..., 27) and

mr.

This lemma is an intermediate step in our recursive characterization of best PBE. It shows
that all the information required to characterize the agents’ behavior after any period t can be
summarized in a variable w that captures the agent’s expected continuation payoff in period ¢
along the equilibrium path.

Our analysis of optimal information revelation relies on the recursive formulation of problem
(24). Let (u*,0*) be a best PBE and p* be the distribution of histories induced by o*. Let
A’ be the Lagrange multiplier on the feasibility constraint (20) in the maximization problem

(21) when p, = p. For any mapping 0 : © — A (M) let W; (o) be given by

Wi(o)= max Z (Ou (m) — AYC (u(m))) o (m|0) w (0) + \e. (26)
et (9 chrxo
We use EqW; as a shorthand for [;,—1,, Wi (¢ (-|h'™1,2,-)) dzdp,_;. The arguments of

Lemma 1 immediately establish the following result.

Lemma 6 (u*,o0*) is a solution to the mazximization problem (24) in which constraint (22) is

replaced with

Eo Z B5 0 uy > B Wi + 1—BBU (e) for allt. (27)

s=t

Lemma 6 allows us to form a Lagrangian to the constrained maximization problem and
study it using recursive techniques along the lines of our analysis in Section 2. Let { B¢ }zo
and { Bix; }zo be the Lagrange multipliers on (20) and (27), respectively. The Lagrangian
to the constrained maximization problem can be written as (see, e.g. Marcet and Marimon

(2009) or Chapter 20.4 in Ljungqvist and Sargent (2012))

L= max Ee Z Bt [0ra; — ¢,C (wy) — x, Wi (28)
’ t=0
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subject to (23) and (25), where 3, = 8* (1 + 3o x%). ¢ = B¢} /B, and x;, = B'X}/B;. Let
Bt = B,/B;_1 be the effective discount factor. By definition Bt > [ with strict inequality if and
only if constraint (27) binds in period ¢.

Problem (28) is the infinite period analogue of (12). Our analysis proceeds similarly to

that in Section 2. Define

; Wo

1 >
kft (U) = —-nax EU Z ﬁt+s (95u5_<t+sc (115) - Xt+sWt+s)
s=0

U] (29)
subject to (23) and (25). The Lagrangian (28) satisfies £ = [ Byko (v) dib.

Lemma 7 W, satisfies all the properties of Lemma 2.

k¢ is continuous, concave and differentiable with lim,_;k; (v) = —oo. If utility is un-
bounded below then lim,_., ki (v) = 1; if utility is bounded below then lim,_,, kj (v) > 1 with
lim, ., &} (v) = oo if limsup x; > 0.

It is easy to write (29) recursively. Suppose (u*, o) is a best PBE, which without loss of
generality satisfies the properties of Lemma 5. For any h!~! let v = E~ [Z?:t 6s*t93u§|ht*1].

Then {u; (ht_l,mt, zt) o (mt|ht_1, Zt, Ht)}mham is a solution to

ki (v) = P%/Z > (0) o (mlz,0) [fu(m.2) = CC (u(m, 2)) + Bryakesr (W (m, 2)| = W (o ([2,)) | d
Y 6,m

(30)

subject to

v = /ZZW (0) o (m]z,0) [u (m, 2) + Bw (m, z)] dz, (31)
o,m

Z o (m|z,0)[0u(m,z) + pw (m,z)] > Z o' (ml|z,0) [0u(m, 2) + fw (m, 2)] for all z,0,0".

(32)
To characterize the properties of efficient information revelation it is useful to separate the
maximization problem (30) into two components. Let 7, (v) = k; (v). For 0 : © — A (M) and

for any z : M x ©® — R define E,x as in Section 2 and let

W (0,0)= B (19 (0) 00— GO (1) + Bkt (w) = 3, (0) S|+, (0)w
(33)

subject to
Ou (mg) + fw (mg) > Ou (m) + Pw (m) for all 6, m, (34)
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and
o (ml0) [(6u (mg) + Sw (mg)) — (Ou (m) + fw (m))] = 0 for all O, m, (35)

where my is any message such that o (mgy|¢) > 0. Let (u,, w,,o,) denote a solution to (30).
Similarly, we use (uy,o, Wy,s) to denote a solution to (33). The relationship between x; and k;

is given by the following lemma.

Lemma 8 k; satisfies
ki (0) = max {rs (v, 0) W (o)} (36)
Moreover, (uy, (+,2) ,wy (+,2)) is a solution to (33) with o0 = o, (+|z,-) and o, (-|z,-) is a solu-

tion to (36) for all z.

We use o, to denote a solution to (36). Problem (33) has a similar structure to the standard
recursive characterization in dynamic contracting models with commitment (e.g., Atkeson and
Lucas (1992), Farhi and Werning (2007), Sleet and Yeltekin (2006)), except that it allows
agents to send noisy information about their type. When the principal (the government in our
setting) cannot commit, more precise information carries costs, which are captured by x,W;.
The optimal information revelation is characterized by (36). When the cost of information
revelation is absent, x; = 0, full information revelation is optimal, as in standard principal-
agent models.

Before we proceed we comment on how the cardinality of the message set affects the payoffs
in best PBE. Larger message sets weakly increase welfare because it is possible to replicate
the payoffs of a smaller message set with a larger one. To see this, take any message space M’
and consider an alternative message space M" constructed by adding additional messages to
M'. The government can always give the lowest payoff to any agent who reports a message
m € M"\M’' and, thus, ensure that in equilibrium messages m € M"”\ M’ are not played. The
next lemma shows that the highest welfare can be attained with a finite message space. Let

Mg be a set with 2|©| — 2 elements my, ..., mojg|—2-

Lemma 9 Any payoff of a best PBE in a game that uses message set M can be attained in a

game that uses message set Mg.

In particular, Lemma 9 implies that there is no gain from allowing the government to
“pre-commit” to getting coarser information by choosing a smaller message set. For example,
suppose we introduced a preliminary stage in every period of our dynamic game in which the
government can choose the optimal message set. By Lemma 9, without loss of generality the

government would simply choose Mg. For concreteness, we assume for the rest of the paper
that M = Mg.
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3.2 Characterization

In this section we characterize properties of efficient information revelation. In addition to
uninformative and fully informative strategies defined in Section 2 we say that strategy o reveals
full information about type j if there is M C Mg such that o (M]@) =1 and E, [0|]\;[] =0;.
The same definition applies to o if o (+|z,) reveals full information about type j for all z.

Some of our results require the following assumption.

Assumption 1 (decreasing absolute risk aversion) U is twice continuously differentiable

and
lim U” (¢) /U’ (c) = 0. (37)

CcC— 00

We start our analysis by assuming that |©| = 2. In this case many of the results of Section 2
extend directly. For example, the same arguments used in Lemma 3 show that we can focus on a
message space containing only two messages with at most one type randomizing between them.
Similarly, we can extend most of the comparative statics of Proposition 2(a). In particular, a
higher probability of separation increases both k; (v,0) and W; (o). Moreover, a higher prob-
ability of separation allows the government to provide better insurance (uy o (Mmp) — tyo (M)
increases). The incentive compatibility is preserved by increasing wy o (mr) — Wy e (M) as

well. The next Proposition is the analogue of Corollaries 1 and 2.

Proposition 4 Suppose |©] = 2.

(a). Suppose either utility is bounded below or x;,1 > 0. If x; > 0 then there exists v, > v
such that o, € " and o, is uninformative for all v < v, .

(b). If Assumption 1 is satisfied then there exists v;7 < ¥ such that o, € X" o, is fully

informative for all v > v}

The proof of this proposition is in the appendix, here we sketch the main steps. Suppose

that the probability of separation is interior, so that some type j plays o, (m;|0;) € (0,1).

Consider an uninformative strategy " (m—_;|0;) = c"" (m_;|6_;) = 1 and a fully informative

strategy o™ (m;|0;) = o™ (m_;|0_;) = 1. Optimality of o, implies the following first order

conditions:
oWy (0w) Okt (v,00)
Xt pgun N ooun ' (38)
8Wt (O'U) . 8/445 (’U,O'U)
Xt ™ hgin N doin (39)

The expressions on the left hand side of (38) and (39) capture the marginal cost off the

equilibrium path from changing informativeness of agents’ strategies. As in Proposition 2(b),
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the derivatives of W; are finite and non-zero. The expressions on the right hand side of (38)
and (39) capture the marginal gain on the equilibrium path from changing informativeness
of agents’ strategies. Under the assumptions of Proposition 4, the marginal gain of better
information on path becomes arbitrarily small as v approaches v and arbitrarily large as v
approaches v. This implies that an interior probability of separation is suboptimal for low and
high values of v, and that high-v agents play fully informative strategies while low-v agents
play uninformative strategies.

Now consider the case with [©| > 2. Part (a) of Proposition 4 extends to this case without
any additional considerations. The reason for it is that the marginal gain of more information
disappears as v — v for any cardinality of ©. The result of full information revelation for
sufficiently high v requires extra assumptions. In general, when |©] > 2 it might be optimal to
bunch some types together and give them the same allocations even in the second best problem,
that has no cost of information revelation. In such situations revealing full information is
strictly suboptimal if x, > 0. Part (b) provides sufficient conditions that ensure that it is not
optimal to bunch type 0 in the second best environment and show that under such conditions

o, reveals full information about that type if v is sufficiently large.

Proposition 5 For any |©|,
(a). Suppose either utility is bounded below or x;,1 > 0. If x; > 0 then there exists v, > v
such that o, is uninformative for all v < v, .
(b). If Assumption 1 is satisfied, then there exists v;” < © such that o, reveals full informa-
tion about 01 for allv > v, If, in addition, T (9|@|,1) (6|@| — 9|@‘,1) > (7r (9|@‘,1) +7 (9‘@‘)) (9|@‘,1 — 0‘@|,2)
and 1+ 601 — 0jg) > 0, then o, reveals full information about )| for all v > vt
Moreover, if U (c) is CES with p € (0,1) and 6 satisfies the no-bunching condition

©|
T (On-1) [0 — On1] = (On-1 — On2) > w(6:) >0 for alln > 2, (40)

i=n—1

then o, is fully informative for all v > v; .
3.3 Invariant distribution

In our analysis so far we took the initial distribution of utilities ¢ as given. Any ¥ is as-
sociated with Lagrange multipliers {(;, x;, \{’ };—, which, together with the Bellman equa-
tions (33) and (36), can be used to recover the equilibrium strategies that support 1. More-
over, any % induces a sequence of distributions of continuation utilities of the agents, vy =
B~ [Z;’io ﬁSGHSu;“H‘ ht_l] , which we denote by ¢, with ¥y = ¢. We say that ¢ is invariant
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if {Cpxe) AL ¥ boo do not depend on ¢. This also implies that in an invariant distribution

B, =B/ (1 — x) does not depend on t.

Lemma 10 In any tnvariant distribution x > 0, B > [ and in each period a positive measure

of agents does not play uninformative strategies. Continuation utilities are mean-reverting:

gEU” (K (wy)] =K (v). (41)

If 1461 —0)9| > 0, then there is some w > v such that w, (m, z) > w for all v € supp () \ {v}

with wy, (m, z2) > w for some m, z.

This lemma shows that in any invariant distribution the sustainability constraint (22)
binds. If it did not, our economy would be isomorphic to Atkeson and Lucas (1992). In
that environment immiseration (the distribution that assigns mass 1 on v) is the only feasible
invariant distribution, but such distribution violates (27). The binding constraint (27) also
implies that agents’ continuation utilities exhibit mean-reversion (41); that in each period
some agents reveal information to the government; and that, if any agent enters the region of
continuation utilities in which it is optimal to reveal no information, he must exit it in finite
time. Finally, as long as the dispersion of shocks is not too high, there is a reflecting lower
bound w below which agents’ continuation utilities do not fall if they start above it.!3

Figure 2 illustrates the policy functions in an invariant distribution.!* The optimal report-
ing strategy o, follows the same patterns as those in Proposition 3. o, (:|z,-) is either fully
informative or uninformative for all realizations of (v, z). Agents reveal no information and
receive no insurance with probability 1 for all v < v~ (v~ is shown by the first dashed line in
panel A) and reveal full information and receive the second best insurance with probability 1
for all v > v (vT is shown by the second dashed line in panel A). Finally, insurance is rationed
if v € (v7,v"). In this case the agent receives allocations associated with v and reveals full

. . . o1 +_ . . . .
information with probability %—% and receives no insurance, reveals no information, and

V=V
vt—v=

obtains utility v~ with probability
The typical dynamics of v; in the invariant distribution can be seen from panel B. Consider
an agent whose initial lifetime utility vy equals the lowest v in the support of the invariant

distribution. The continuation utility of such agent initially grows deterministically over time.

13There exist invariant distributions that put a positive mass on v, which is an absorbing state. The probability
of reaching this point from any other point in the support of the invarinant point is zero.

"To compute this figure we set U (¢) = In(c), 8 = 0.53, e = 1 and © = {0.8,1.2} with both shocks occuring
with equal probability. These assumptions imply that A = 1. To find an invariant distribution, we compute
the stationary distribution implied policy functions to (33) and (36) and iterate on (¢, x) until the stationary
distribution satisfies constraints (20) and (22).
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A: Probability of info revelation B: Promised utility policy
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Figure 2: Policy functions in the invariant distribution. Panel A plots the probability with which agent with
utility v reveals full info. There is no information revelation for v < v~ (the first dashed line) and full infor-
mation revelation for v > v™ (the second dashed line). For v € (v™,v") full information is revealed with

v’f_’v’i and no information is revealed with probability U’ff_”q; . Panel B plots promised utilities

probability
w,y (0) .

It exits the no information regions in finite time and enters the region in which insurance is
rationed. In this region v; is delivered through a lottery and, depending on the outcome of
such lottery, the agent receives either v~ or v™. Finally, if v; falls in the region where full
information revelation is optimal, then next period it goes up if the agent reports 01, (red line
to the right of the shaded area) or goes down if he reports 6y (blue line to the right of the
shaded area). An agent with a string of 6, reports stays in the full information region while a

sufficiently long sequence of 0z reports brings him back to the no information region.

4 Autocorrelated shocks

In this section we extend our analysis to first order Markov shocks. Let 7 (0\9*) denote the
probability of realization of shock 6 conditional on 6~ in the previous period. We assume that
7 (6]67) > 0 for all § and 0. Let 7' (§|0~) and E; (67) = >_,0x' (6]6~) be, respectively, the
probability of realization of shock 6 and the expected shock conditional on 8~ being realized ¢
periods ago. The shock in period 0 is assumed to be drawn from some distribution 7 € A (©).
As in the ii.d. case, each agent belongs to a group v € (v,v) in period 0 ([v,v) if utility

is bounded below) and the distribution of agents over (v,v) is denoted by . In equilibrium
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members of group v receive lifetime expected utility v.

Many arguments when types are Markov are direct extensions of our previous analysis.
We briefly lay out the arguments here and leave the details in Supplementary material. We
assume throughout that agents are required to send messages from a finite message space M.
Given a reporting strategy o, let p; : H' — A (©) denote the government’s belief about the
agent’s shock conditional on history h’. These posteriors are generated recursively starting
from pg = 7 and using Bayes rule

t—1 — —|pt—1
. (Glhtfl,zt,mt) _ o (mt\h 7Zt59) DT (‘9|‘9 _) Pt-1 (9 _|h ) 7
2979— O¢ (mt|ht*1, Zt, 9) ™ (9|9 ) Pt—1 (9 |ht71)

for all A=, z, and m; for which the expression is well-defined. For any x : H! x © —

(42)

R, the expectation of x conditional on some history Af~! € H!"! and type 6~ € O is
Eo [x|W'1,07) = 1z 2o (h171 2,m, 0) ¢ (dm|z,0) 7 (0|6~ ) dz.  Similarly, the uncondi-
tional expectation is Eq [X] = [1-1 Y g- Bo [%|h,07] pr—1 (67|h) dpyy_1.

It is immediate to extend Lemma 4 to Markov shocks and show that in the worst equi-
librium agents play uninformative strategies. Unlike the i.i.d. case, however, the payoff in
that equilibrium depends on the beliefs of the government. The maximum payoff that the
government can achieve in any period ¢ is given by

Wy (,LL = max Es

{ueys(R)}eprt ,5>0

(43)

0
E 58Esut+s
s=0

subject to the feasibility constraints (20).

Similarly to the i.i.d. case, we first bound W (i) with a function that is linear in , ;. Let
{)\%’jt +s}:io be the sequence of Lagrange multipliers on (20) in the maximization problem that
defines W; (uf) . Let 0 : © — A (M), the expectation of the random variable z : M x © — R
conditional on some #~ € © is now E, [z[07] = > x(m,0) o (m|f) 7 (0]6”). For any

m,0eEM xO
p € A(©), let Wy (o,p) be defined as

Wi(o,p) =  max ZE" Z 3% (Bsurys — C (uegs) + AMprse) |07 | p(07) (44)
{ueys(m)}s>o 0 s=0

Wi (o, p) is the generalization of (26) to the Markov case and p represents the beliefs that the
government holds about the agents’ types in period ¢ — 1. W, (144) is bounded by

Wi () < / Wi (o0 (|R1 2,) s peet (B'Y)) dedpyy_y,
Ht-1xZ

with equality if p, = pf, or = o}, pi—1 = p;_,, where {p;} are the beliefs corresponding to
o*. This bound can then be used to replace the incentive constraint for the government with

a constraint that is linear in p;_4.
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Replacing the incentive constraint for the government, in turn, enables us to use Lagrangian
methods and solve the problem recursively. In particular, we first define a Lagrangian and a
value function k; (V,p) , where now vV = (7 01),..., 0 (0‘@|)) is a vector of continuation
utilities, which are the analogues of (28) and (29), respectively. We then rewrite the value
function recursively extending the techniques of Fernandes and Phelan (2000). For any x :
M x© x Z — R let By [X|97] =/, Zmﬁw (0\9*) o (m|z,0)x (m,0,z)dz. Also, let u,o,p :
M xZ—TRand W: M x Z x © — R. The value function k; (V,p) satisfies

ke (V,p) = max ZP (67) B [911 —¢,C (u) + By ks (w,p) |9_} _Xt/Wt (o (|z,-),p)dz

(u,W,o,p")

p
(45)
subject to
v (0_) =Es [Gu + Bw (-, -,0) |9_] for all 6, (46)
Eo [0u -+ BW (-,-,0) 16, 2] > B [fu+ BW (-,-,0)0,2] for all z,0,0’ (47)
and

p’' (0jm, z) Z o (m|z,0)m (0107 )p(07)| = o (m|z,0) ZT&' (0107 )p(67). (48)
0,0- 0-

Constraints (46) and (47) are the analogues of (31) and (32) in the i.i.d. case. The key
difference is that realization of shock 6 in the current period affects the expected utility of
an agent from the future consumption stream. Thus, the recursive formulation assigns a
continuation utility for each possible realization of 8~ € ©. The probability measure p keeps
track of the evolution of the posterior beliefs of the government. When x; = 0 and agents play
fully informative strategy, p assigns probability 1 to one of the values of © and the Bellman
equation (45) simplifies to the recursive formulation of Fernandes and Phelan (2000). We
conclude this section by a version of Proposition 5(a) for Markov shocks, which we prove in

Supplementary material.

Proposition 6 Suppose utility is bounded below (wlog by 0) and x, > 0. Let o, be a solution
to (45), then lim<_, o Pr (0'77,p € E“”) =1, uniformly in p.

5 Final remarks

In this paper we took a step towards developing of theory of social insurance in a setting in
which the principal cannot commit. We focused on the simplest version of no commitment that

involves a direct, one-shot communication between the principal and the agents, and showed
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how such model can be incorporated into the standard recursive contracting framework with
relatively few modifications. The natural extension of this approach is to incorporate it into
richer models of social insurance cited in the introduction. This would allow one to explore
how the allocations in best equilibria can be decentralized through a system of taxes and
transfers, for example along the lines of Albanesi and Sleet (2006). Our methods should also
be applicable to other principal-agent environments in which the principal interacts with a
large number of agents and cannot commit, such as models of regulation, employer-employee

relationships, bargaining and trading with private information.

References

Acemocru, D. (2003): “Why not a political Coase theorem? Social conflict, commitment,

and politics,” Journal of Comparative Economics, 31(4), 620-652.

AcemoGLu, D., M. GOoLOSOV, AND A. TSYVINSKI (2010): “Dynamic Mirrlees Taxation under
Political Economy Constraints,” Review of Economic Studies, 77(3), 841-881.

A1vAGARI, S. R., anDp F. ALVAREZ (1995): “Efficient Dynamic Monitoring of Unemployment

Insurance Claims,” Mimeo, University of Chicago.

AKERLOF, G. A. (1978): “The Economics of "Tagging" as Applied to the Optimal Income
Tax, Welfare Programs, and Manpower Planning,” The American Economic Review, 68(1),

pp. 8-19.

ALBANESI, S., anD C. SLEET (2006): “Dynamic optimal taxation with private information,”
Review of Economic Studies, 73(1), 1-30.

ATKESON, A., AND R. E. Lucas (1992): “On Efficient Distribution with Private Information,”
Review of Economic Studies, 59(3), 427-453.

BESLEY, T., aND S. COATE (1998): “Sources of Inefficiency in a Representative Democracy:

A Dynamic Analysis,” American Economic Review, 88(1), 139-56.

BESTER, H., axD R. STRAUSZ (2001): “Contracting with Imperfect Commitment and the
Revelation Principle: The Single Agent Case,” Econometrica, 69(4), 1077-98.

BisiN, A., anp A. RAMPINI (2006): “Markets as beneficial constraints on the government,”
Journal of Public Economics, 90(4-5), 601-629.

28



CHARI, V. V., anp P. J. KEHOE (1990): “Sustainable Plans,” Journal of Political Economy,
98(4), 783-802.

(1993): “Sustainable Plans and Debt,” Journal of Economic Theory, 61(2), 230-261.

CLEMENTI, G. L., axpD H. A. HOPENHAYN (2006): “A Theory of Financing Constraints and
Firm Dynamics,” The Quarterly Journal of Economics, 121(1), 229-265.

CoLg, H. L., axp N. KOCHERLAKOTA (2001): “Dynamic Games with Hidden Actions and
Hidden States,” Journal of Economic Theory, 98(1), 114 — 126.

Dovis, A. (2009): “Efficient Sovereign Default,” Mimeo, Penn State.

FarHI, E., C. SLEET, I. WERNING, AND S. YELTEKIN (2012): “Non-linear Capital Taxation
Without Commitment,” Review of Economic Studies, 79(4), 1469-1493.

Farui, E.; axnp I. WERNING (2007): “Inequality and Social Discounting,” Journal of Political
Economy, 115(3), 365-402.

——— (2013): “Insurance and Taxation over the Life Cycle,” Review of Economic Studies,

80(2), 596-635.

FERNANDES, A., axD C. PHELAN (2000): “A Recursive Formulation for Repeated Agency
with History Dependence,” Journal of Economic Theory, 91(2), 223-247.

FrEIXAS, X., R. GUESNERIE, AND J. TIROLE (1985): “Planning under Incomplete Informa-
tion and the Ratchet Effect,” Review of Economic Studies, 52(2), 173-91.

Gorosov, M., M. TROSHKIN, AND A. TSYVINSKI (2016): “Redistribution and Social Insur-

ance,” American Economic Review, 106(2), 359-86.

Gorosov, M., anp A. TSYVINSKI (2006): “Designing optimal disability insurance: A case
for asset testing,” Journal of Political Economy, 114(2), 257-279.

Gorosov, M., A. TsyvinskI, aND I. WERNING (2006): “New dynamic public finance: A
user’s guide,” NBER Macroeconomics Annual, 21, 317-363.

Gorosov, M., A. TsyviNskl, AND N. WERQUIN (2013): “Recursive Contracts and Endoge-

nously Incomplete Markets,” working paper.

GREEN, E. J. (1987): “Lending and the Smoothing of Uninsurable Income,” in Contractual
Arrangements for Intertemporal Trade, ed. by E. C. Prescott, and N. Wallace. University of

Minnesota Press., Minneapolis.

29



HoPENHAYN, H. A., axp J. P. Nicorint (1997): “Optimal Unemployment Insurance,” Jour-
nal of Political Economy, 105(2), 412-38.

KOCHERLAKOTA, N. (2010): The New Dynamic Public Finance. Princeton University Press,
USA.

Kypranp, F. E.,; anp E. C. PRESCOTT (1977): “Rules Rather Than Discretion: The In-
consistency of Optimal Plans,” Journal of Political Economy, University of Chicago Press,

85(3), 473-91.

LAFFONT, J.-J., anD J. TIROLE (1988): “The Dynamics of Incentive Contracts,” Economet-
rica, 56(5), 1153-75.

LINDBECK, A., axnDp J. W. WEIBULL (1987): “Balanced-Budget Redistribution as the Out-
come of Political Competition,” Public choice, 52(3), 273-297.

LyunGQvisT, L., axp T. J. SARGENT (2012): Recursive Macroeconomic Theory, Third Edi-
tion. MIT Press.

LUENBERGER, D. (1969): Optimization by Vector Space Methods. Wiley-Interscience.

MARCET, A., AxD R. MARIMON (2009): “Recursive Contracts,” Mimeo, European University

Institute.

MiLcroM, P., axp I. SEGAL (2002): “Envelope Theorems for Arbitrary Choice Sets,” Econo-
metrica, 70(2), 583-601.

MIRRLEES, J. (1971): “An Exploration in the Theory of Optimum Income Taxation,” Review
of Economic Studies, 38(2), 175-208.

MYERSON, R. B. (1982): “Optimal Coordination Mechanisms in Generalized Principal-Agent
Problems,” Journal of Mathematical Economics, 10(1), 67-81.

PHELAN, C., axp R. M. ToOwNSEND (1991): “Computing Multi-period, Information-
Constrained Optima,” Review of Economic Studies, Wiley Blackwell, 58(5), 853-81.

ROBERTS, K. (1984): “The Theoretical Limits of Redistribution,” Review of Economic Studies,
51(2), 177-95.

ROCKAFELLAR, R. (1972): Convexr Analysis, Princeton mathematical series. Princeton Uni-

versity Press.

30



ROYDEN, H. (1988): Real Analysis, Mathematics and statistics. Macmillan.

SCHEUER, F., anp A. WorLiTzKY (2014): “Capital Taxation under Political Constraints,”
NBER Working Paper 20043.

SHIMER, R., axp I. WERNING (2015): “Efficiency and Information Transmission in Bilateral

Trading,” Working Paper 21495, National Bureau of Economic Research.

SKRETA, V. (2006): “Sequentially Optimal Mechanisms,” Review of Economic Studies, 73(4),
1085-1111.

(2015): “Optimal auction design under non-commitment,” Journal of Economic The-

ory, 159, Part B, 854 — 890.

SLEET, C., AND S. YELTEKIN (2006): “Credibility and endogenous societal discounting,”
Review of Economic Dynamics, 9(3), 410-437.

(2008): “Politically credible social insurance,” Journal of Monetary Economics, 55(1),

129-151.

SONG, Z., K. STORESLETTEN, AND F. ZILIBOTTI (2012): “Rotten Parents and Disciplined

Children: A Politico-Economic Theory of Public Expenditure and Debt,” Fconometrica,
80(6), 2785-2803.

STANTCHEVA, S. (2014): “Optimal Taxation and Human Capital Policies over the Life Cycle,”

working paper.

THOMAS, J., AND T. WORRALL (1990): “Income Fluctuation and Asymmetric Information:
An Example of a Repeated Principal-agent Problem,” Journal of Economic Theory, 51(2),
367-390.

Topkis, D. (2011): Supermodularity and Complementarity, Frontiers of Economic Research.

Princeton University Press.

YARED, P. (2010): “A dynamic theory of war and peace,” Journal of Economic Theory,
145(5), 1921-1950.

31



6 Appendix

6.1 Proofs of Section 2

Proof of Lemma 2. It is immediate that the feasibility constraint (4) binds for any o and

therefore A > 0. The first order condition to (9) gives

O (u® (m)) = =, o] € [ (19)

1 Or Ou
= 17

)\W’ )\7w
for all m sent with positive probability, therefore such «™ (m) lie in a compact set. Since
messages sent with zero probability do not affect the value of W, u" (m) can be restricted to
lie in a compact set for all m. The theorem of the maximum then implies that W is continuous.

For any o', 0, and « € [0, 1] define 04 = (1 — @) 0 + ao’.
W(on) = maxozz [Ou (m) — AVC (u (m))] o’ (m]0) 7 (0)
m,0

+ (=) [fu(m) = X“C (u(m))]o (m|0) 7 (6) + A"

m,0

amﬁxxz [0u (m) — AVC (u(m))] o’ (m|0) 7 (0)
m,0

IN

+(1—-a) mqizxz [Ou (m) — AC (u(m))] o (m|0) © () + A
m,0
= aW (o) +(1—a)W (o),

which establishes convexity. Note that for any collection X of functions = : M — R, the family

{Es,r} ¢ x is equidifferentiable at any a € [0, 1) since the expectation is linear in a.. Therefore,

the derivative alga(f ) exists by Theorem 3 in Milgrom and Segal (2002) and

oW (o)
do’

= B [fug’ (m) = A"C (ug (m))] = Eq [fug’ (m) = A"C (ug’ (m))] < W (o) = W (0),
(50)

where uY is a solution to W (¢,) for a > 0 and u (m) = limy—o u? (m) .2

To show that W (o) achieves its minimum if and only if o is uninformative, let u"" be the

optimal allocation corresponding to an uninformative strategy, which without loss of generality

""The problem that defines W, (9), is strictly convex and, therefore, the solution u¥ (m) is unique for
each m sent with positive probability by oa. The definition of uy pins down the values of ug (m) for which
> e 0a (m|@)m(0) >0 for a > 0 and limg—0 Y, 0q (m|0) 7 (8) = 0.
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satisfies C’" (u*™ (m)) = 1/A" for all m. For any o

W(o)—W (c"")
= max)_[(fu(m) = A"C (u(m))) — (Gu"" = A°C (u"™))] o (m|6) 7 (6)
m,0

= max) {(E [B|m]u(m) - A\"C (u(m))) — (Bq [flm] u"" — A°C (u"™))} (ZJ (m|0) 7 (6)

0

The expression in curly bracket is non-negative, which implies that W (o) > W (¢"") for all o.
If o ¢ 3" then C' (u™ (m)) # 1/\" for at least one m sent with positive probability. For such
m the expression in the curly brackets is strictly positive so that W (o) > W (¢%") if o ¢ X4,

To show that W (o) achieves its maximum if and only if ¢ is fully informative, take any
o ¢ Y. By definition there must exist some message m sent with positive probability such that
E, [0|m] # 6 for j € {L, H}. By (49) the optimal allocation for such m satisfies C’ (u" (m)) #
0;/\" for j € {L, H}. Let 4™ be the optimal allocation corresponding to some . It satisfied
C’ (@™ (m)) = 0;/A\", j € {L, H} for all m sent with positive probability. By strict convexity
of C' the optimal allocation must be unique and therefore W (/") > W (o) for all o ¢ ™. m

We first prove a preliminary result that is useful in the proof of both Lemma 3 and of the

results in Section 3.2.

Lemma 11 Any point on the Pareto frontier can be supported by reporting strategies such that
all agents report one of three messages, with each 6 € {0r,0r} randomizing between at most

two messages and with at most one message reported with positive probability by both 0.

Proof. Fix any group ¢ and let (u}, u),c*) be a best equilibrium strategy for that group.
We can partition M into four subset: (i) a subset My, that consists of messages reported with
positive probability by type €1 and reporting which gives strictly lower utility to type 6, i.e.

there exists a message m € M such that
0ui (m) +us (m) > 0gui (m') +ub (m') for all m' € Mp;

(ii) a subset My defined analogously for 0p; (iii) a subset My that consists of messages

reported with positive probability by either 0z or 07 and for which
Oui (m) +us (m) > Oui (m') +u3 (m') for all € ©,m € My, m' € M; (51)

(iv) and a subset My containing all other messages.

) |

Consider the subset M. Bayes’ rule implies E,+ [0|m] = 6, for any m € Mp. If (u] (m), u3 (m))

take the same values for all m € M then an alternative strategy of reporting any m € My,
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with probability 1 gives the same allocations, the same payoff on equilibrium path, and by

(49) also the same payoff off the equilibrium path. Thus, this alternative strategy is payoff
equivalent to the original strategy. We now rule out the possibility that (u} (m),ud (m’)) #

(uf (m") ,us (m")) for some m’,m"” € My, Let (u$, u§) = a (uf (m') ,ud (m')+(1 — «) (uf (m”),ud (m"))
for @ € (0,1). (uf,ud) gives the same utility to 01, as (uf (m'),ud (m’)) and (uj (m”),ul (Mm"))

and strictly lower utility to type 6y than any m"” € My U Myy. (uf,u3) must be a solution

to the minimization problem (13) for (v;,c*). Since the objective function in (13) is strictly

convex, replacing (uj (m’),u3 (m’)) and (uf (m”),ud (m”)) with (u$, ug) gives a strictly lower

value of the objective function, contradicting the optimality of (u},u3). Analogous arguments

apply to Mpy.

Consider the subset My, and suppose x > 0 (otherwise the result follows directly from the
standard revelation principle). Condition (51) implies that (u} (m),u3(m)) takes the same
values for all m € Myy. If Ey« [0]m] also takes the same value for any m € My, then we can
replace the subset My, with one message. We next rule out that E,« [0|m/] # Eq- [0]m”] for
some m',m"” € Myr.

Fix any m € Mpyy. Consider an alternative strategy ¢’ that coincides with o* except for
o' (m|0) = > enry,, 0 (m)0), o’ (m'|0) =0, for all m’ € My, m’ # m, and all 0. The strategy
profile 0% = (1 — a) o’ + ac* satisfies (6) and (8) for any a € [0,1]. Since (u] (m),ud (m))
takes the same value for all m € My, the optimality condition for (14) can be written as
oW (o*)

5o > 0, where the derivative exists by Lemma 9. From (50),

a-/ -

0 < ng*): D (But () = NUC(u” (1))’ (m]6) = (6)
H,mEMHL

— D (Bu(m) = XC(u®(m)))o* (m|6) 7 (0)
G,mEMHL

= (Bo [0lm] u® (i) — N“C(u” (1)) Y o (m]6) 7 (6)

6

— > (Bo [Blm]u® (m) — XC(u”(m))) (Za*mw)w(e)).
meMyr %

By construction,

Y460 (1) 7(0) _ Coumerty, 00" (ml0) 7 (6)
00 (010) 7 (6) — Spmery, o (ml0) 7 (0)

Therefore, the expression above can be re-written as

E,» [0]r] = Bo- [0)Mpz] .

Bo [0]|Mpz] u® (i) = A*C(u® () = Bo= [(Bo~ [0lm] u®(m) — A*C(u® (m)))|MaL] -
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The expression on the right hand side does not depend on m. The expression on the left

hand side holds for all i € M. Multiply both sides by = 207" (MO0 and sum across

0,meMpr, o*(m|0)m(0)

all m € Mgy, to get
Bo+ [0| My L] Box [u”(m)|Mpr] 2 Box [(Box [0m] u®(m))|[MaL]

which implies that cov (Ey« [0|m],u"(m)) < 0. On the other hand, (49) implies that u" (m)
is monotonically increasing in Ey« [0|m], thus, cov (Ey« [0]m],u™(m)) > 0. The two conditions
can be satisfied only if E,« [|m] takes the same values for all m € Myr..

Finally, any messages that are sent with zero probability can be dropped, so Mg can be
eliminated from the message set. Thus, it is enough that M has at most three messages, one
for each subsets My, My and Mpgy. If any of the subsets My, My or Mgy is empty, we
can add additional messages reported with zero probability, which proves the statement of the

lemma. m

Proof of Lemma 3. By Lemma 11, we can restrict attention to a message space
that consists of 3 messages M = {mp, mg, mpgr}, in which type 07 randomizes between mp,
and mpyy and type 6y randomizes between my and mpyr. We show in this lemma that it is
suboptimal to have interior reporting probabilities for both types and (u} (mr),us (mr)) #
(uf (mm),ul (mp)) # (uf (murL),us (mpr)). Given the arguments of Lemma 11 this is suffi-
cient to establish that M can be restricted to two messages. We assume y > 0, otherwise the
result is trivial.

We argue by contradiction. Suppose o* (m;l0;),0* (mprl0;) € (0,1) for j € {H,L}.
Consider strategy o[y defined by oy (mpyrl0;) = (1—s)o* (muLlt;), o (myl0;) = 1 —
ors) (mur|0;) for all j, for s € [~¢,1], for small ¢ > 0. Since o* (mpyr|0;) < 1 for all j,
there exist € > 0 for which o[ is a well-defined reporting strategy. Let f (v,8) = K (U,O'[S])
and g (s) = xW (a[s]) .

Since type j reports m; and myy, for all j and s < 1, we can write

f(v,s)= mln]E th

utt

subject to, for each j € {L,H} and —j € {L, H} with —j # j,

Ojui (mj) +ug (mj) = Ojur (myr) +uz (myr), (52)
Ojur (mj) +uz (m;) > 0Ojur (m—j) +uz (m—;),
> " w (0;) [05u1 (my) + ug (my)] .

J

v
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Let uy [ be a solution to this problem as a function of s. Note that {ut7[0]}t = {uf}, and
that {Ut,[l}} is the optimal solution to a fully informative strategy. f (v,s) is differentiable in

s (see the proof of Lemma 2) with

888 (v,s) = m(0)o" (muLlfr) [ZQ (u,() (m1)) ZCt (w9 mHL))]

7 (05) 0" (mpp|0m) [Z ¢,C (ut, th Ut [s] mHL))] .

Similar considerations imply

N O O e e L)
5:9(5) = xm(0r) 0" ( HLGL){(GWEZ] (mirz) = A"C (uf H(mHL)))]

+x7 (0g) o (myL|0w) |: (HHU[WS] (myg) —A\“C (u”[“g] (mH)>) ] |

_ (HHU,FS)] (mur) — A"C (”ﬁ] (mHL)>>
Note that

fos)tg(s)= > = [th (115 () + x {50y (m. )—ch(u[ws](mj))}]—i[f(u,s)+g(s)].

je{d,L}

If o* is optimal, then % [f (v,8) +g(s)] ’320 = 0 and, therefore,

S on [Z G (o) (my)) + x { Oy (my) = X°C (it (my) }] = f (1,0) +g4(0)

je{H,L}
<fDtg)= X 7 [Z CC () (my)) + x { Oty (my) = X°C () (my) }] ,
je{H,L}
where the inequality follows from the fact that s = 0 minimizes f (v,s) + g (s). From (49)
uly (mj)=C"! (f—fu) for all s, which implies that
Z ™ (0;) ¢:C (Ut[(J( ))S Z ™ (0;) (:C (Ut[1< )) (53)
je{H,L}t je{H,L}t
On the other hand, {utm } , s the unique solution (up to measure 0 messages) that minimizes
the right hand side of (53) subject to (52) and, therefore,
Z ™ (0;) (,C (Ut[0< ))Z Z ™ (0;) ¢,C (Ut[1< )) (54)
je{H,L}t je{H,L}t
Incentive compatibility implies that 0;u; 1) (m;) +ug (1) (my) = Ojuy 1) (Mm—j) +ug ) (m—j) for
some j and —j with —j # j. Since 0;uy jo) (M) +ug jo) (M) > Ojuy [0 (M—j)+ug o) (m—;) for all
j,—j with —j # j by assumption, inequality (54) must be strict, establishing a contradiction.
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Lemma 12 Suppose only type 0; plays a mized strategy for some v, j. Then the optimal allo-

cation given this reporting strategy is characterized by the solution to x/ (v,s).

Proof. By Lemma 3 it is enough to consider only two messages and at most one type
randomizing between them. Suppose 67, randomizes, the constraint set defined by (52) reduces

to

Orui (mp) +uz(mp) = Opui (mu) +uz (mp), (55)

Vv

Orur (mr) +uz (mr),
> w(6;) [65u1 (my) + uz (my)].
J
The constraint set defined by (16), (17) is larger than the one defined by (55). We therefore

Orur (my) + uz (mp)

v

want to show that any solution to (15) satisfies (55). We assume v > v since otherwise the
result is trivial.

Consider a relaxed minimization problem (15) in which we replace (17) with
Oruq (mL) + U2 (mL) > 0Oru (mH) + U9 (mH) . (56)

In the relaxed problem constraint (56) binds. The solution {uf"" (mg)}, c{H,1}, 8 unique and
satisfies ul'l (mpy) > ul** (my). We want to show that it is incentive compatible for 65 to
report my. Suppose not, so that

RL

mH) + Uy RL

Orrut” ( (mu) < Opui™ (mp) +ud” (mp) .

Sum with (56) and re-arrange to show (0 — 01) uft (my) < 0y — 01) ufr (my), which is a
contradiction.

If 6 randomizes we follow the same steps but replace (18) with

Orur (mp) +ue (mp) < O0puy (mp) + ug (my) .

Proof of Proposition 2. (a). We show this result for j = L, the other case is similar.

We can use (16) and (17) to express uj (mg),u2 (mr),u1 (mg) as functions of w, A :
A
up (mg) =v—w,uz (my) =w,uy (mg)) =v—w — g (mp) =w+ A. (57)
L
Using these definitions, write x” (v, s) as

kE (v, 5) :miil(l—Sﬂ'L) (10 (v —w) + (C (w) | +smp, |(C <v—w—9AL> + (0 (w+ A)

w,

n'g

=g(w) e )

(58)
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The optimality conditions for A and w are, respectively,

—eiclc' (v—w—9A> + (0 (w+A) =0, (59)
L L

A
(1—sm) [-¢C" (v —w) + (0 (w)] + smp [—ClC’ (v —w — 9) + (50" (w + A)} =0.
L
(60)
These conditions imply that in the optimum, (w*, A*), we have fa (w*,A*) = 0 and

guw (w*) < 0 where fa and g, denote (partial) derivatives. Moreover,

fa (w,0) = —91L<10'<v—w*>+c20’<w*>
< G0 (0 — ") 4 GO (W) = gu (w) < 0.

Strict convexity of f (w*,-) then implies that f (w*, A*) < f(w*,0) and A* > 0. The latter
gives ui (myr) > ui (mr), uz (mr) = uj (m) .
To prove that k% (v,-) is decreasing we first show that it is differentiable. Observe that

constraint (16) can equivalently be replaced with
V=T [QLul (mL) =+ uso (mL)] +7TH [QH’U,l (mH) =+ uo (mH)] . (61)

Since (17) and (61) do not depend on s, differentiability follows from the envelope theorem of
Milgrom and Segal (2002). Using the definition of f
9 1 -y 5
757 (8) = f (W' A7) — f(w',0) <0, (62)
so that k” (v, -) is decreasing. Analogous arguments applied to W¥ show that %WL (s) > 0.
Let (w**, A**) and (w*, A*) be the solutions for s™* > s*. We must have

f ™, A™) < f(w, A, g (w™) = g (w),

otherwise they cannot be solutions to (58). Since g is strictly convex with g, (w*) , gy (w**) <0,
g (w**) > g (w*) implies w** < w*. It also implies ui* (mpg) > uj (mpy) from (57).

We want to show that A** > A*. Suppose A** < A*. Then C’ (w*™* + A**) < C'" (w* + A*)
and, therefore, (59) implies C’ (v —w* — Aez*) <C (v —w* — ?—;) . This implies a contra-

diction

1
0> o (A™ — A"} > w* — w*™ > 0.
0r,

Thus A* > A* and therefore u3* (mr) — us* (mg) > w3 (mr) — ud (mg) and ui* (mpy) —

ui* (my) > uj (my) —uj (mr).
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We next show that u* (mr) < ub (mg). Suppose us* (mr) > w3 (myr), which is equivalent
to w** +A** > w*+A* from (57). Then (59) implies C’ (v —w* — AM) > ' ( —w* — ?—L*)

Substituting for ug (my) we get

1-46y
01,

1-06y
01,

—uy* (mp) — A > —u3 (mp) — A*.

This implies a contradiction

1- 05
<
0<

(A™ — A*) <k (mp) — ul* (my) < 0.

uz* (mr) < ub(mg) implies C’ (v —w* — A@f) < (v —w* — ﬁ—:) , which is equivalent to
uf? (my) < uf (my) by (57)

Utility of type 6 is Opuy (mr) 4+ ug (myp). It decreases in s since we showed that both
ui (mr) and ug (mr) decrease in s. Since the weighted sum of utilities of the two types is
constant by (61), the utility of 6y increases in s.

Similar arguments applied to x and W establish that functions x (v,-), —W# (-),

u{{ (mH; v, ) > U{I (mL; U, ) ) ug (mH; v, ) > _ug (mL; v, ) y T [UJQLI (mL; v, ) - ’Ué{ (mH§ v, )] s
[u{l (mp;v,-) —ull (mg;o, )] , —v (mp;v,-), v (mg;v,-) are all decreasing.

(b). We proved differentiability of x” (v,-) in part (a). The same arguments prove that
is differentiable. To show that %/{j (v,5) = = (s) C (av) for some b/(s) > 0, let
) =

(wI’S,ALS) if p e (0,1), (wp,,A,) = (—%U—kwas,Aas) if p=1and (w),,A},) =
—v-(w* ,, A%, ) if p > 1. Then (62) and the functional form of C establishes that %H} (v, 8) =
—b/ () C (av). Since K’ (v,-) is decreasing by part (a), b’/ (s) > 0 for all s. We next show that

K (v,

)
(wy o, A% ;) be a solution to (58) for (v,s). Homogeneity of C' implies that (w
v -

b/ (-) is bounded away from zero and bounded above.

Fix any v > v. We show that %/@L (v,-) is in a compact set bounded away from zero,
which, given the previous result, is sufficient to establish the bounds on b” (s) stated in the
proposition (the arguments for %RH (v,-) are analogous). Equation (59) defines A as an
implicit continuous function of w. Then (60) shows that wy ; lies in a compact set which can

be chosen independently of s, and therefore A} . also lies in a compact set independent of s.

,S
Also observe that A = 0 cannot satisfy (59) and (60). Therefore Ay ;> 0 for all s € [0,1]
and hence bounded away from zero. Then (62) establishes that %/{L (v,-) is in a compact set
bounded away from 0.

The envelope theorem gives

gsWL()—ﬂL{[@Lus( L) = AC(ug (mp))] = [Orug (mu) = A°C (ug’ (ma))l}. (63)
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K(v,0™) + xW (0™)
K(v, o) + xW(o™")

/ -

E=-- i /

ol v™ vt ol

Figure 3: Bounds for the convex hull

Since u¥ (m) are in a compact set by Lemma 9, %WL (+) is bounded. We next show that it is
bounded away from 0. We have Eg [0|my] > 1 and Eg [@|my] = 0, for all s > 0 and therefore
u? (my) > C'71 (%), w¥ (mp) = C'! (f\—ﬁ,) from (49) for s > 0. By Theorem 3 in Milgrom
and Segal (2002), u¥ (mr) = lims_ou? (mz) = C'! (f\—ﬁ) and u§ (mg) = C'~' (5%) . Thus
u¥ (mpg) — uf (mr) is bounded away from 0 for all s and hence the expression in the curly

brackets in (63) is bounded away from 0 for all s. m

Proof of Corollary 2. We first prove the second part of the corollary, showing in the
process that the convex hull of k (v) is well defined. Suppose that y > 0 (otherwise, the result
is trivial). From Corollary 1 there are two thresholds, v~ > —oo and vt > v~ such that
k(v) = k(v,0"") + xW (") for v < v~ and k (v) = & (v,0™) + xW (6) for v > v and
K (-,0"") and k (-,0™) are strictly convex. Let v’ and v” be given by the unique solutions to
) k@) =k ) =K @)@ —v") and o' <v7;and (i) k(") —k(v™) =k (V") (v —v™)
and v” > v™T, respectively. Figure 3 illustrates how v’ and v” are constructed.

By construction the two dashed lines intersect at the point (v, k (v™)) and are tangent to
k (v) at v" and v”, respectively. Note that the shape of k (v) for v < v~ and v > v™ guarantees
the existence of such v and v”. Let V be the set of points above the two solid lines together
with the points above the dashed lines when v < v < v”. Formally, V = {(v,y) : y > k (v),
forv <o,y >k )+k@)(v—ovt), for v/ <v <ot y>k(w)+k @) @w—ovt), for
vt <v <" y>k(v), for v>0"} Vis convex and, since k (v™) < k(v) < k(v"), the set V
contains the set {(v,y) : y > k (v)}. Since the convex hull is the intersection of all the convex
sets containing {(v,y) : y > k (v)}, then the convex hull of k, k£, must be a subset of V' with

k (v) = k (v) for v < o' and v > v”. Since k is strictly convex in those regions, so is £ (v)
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and no randomization is done for v < v’ and v > v".

We now show that any point on the Pareto frontier can be supported with strategies in
which agents with higher v play more informative strategies. Let (u*,&) be a best PBE.
Take v; > v; and suppose v; = Egzlpg’@s and v; = Z£:1 plvs, for some finite set of points
B < ... < Or, I > 1,10 with v~ < 95 < v, for all s, where v~, vt are defined in part (a). To
simplify notation, let o5 be the solution to (14) corresponding to 5. (The arguments extend
with minor modifications if ¢ and j play different strategies for some 05 with pf,pj > 0.) By

Proposition 1, if ¢ > s, then o > 0s. By Lemma 21 in Supplementary material, we can find

k k
P, 0 € A({01,...,0r}) with the following properties: (i) p” FOSD p/, that is, > p? < > pl
s=1 s=1

for all k < I; (i) p + , = p! + P, for all s; (i) S22, 576, = v; and 31_, §.05 = v;. Let

of(-|z,-) = o, for 25;1115;/71 <z< Zgzlﬁ;’, for kK = 1,...,1, with 28_211]3’3’ = 0, and define
o;

(ii) implies that (u*, o*) satisfies (2) and (19) and, thus, it is a best PBE. =

(|2, ) analogously using §'. Property (i) implies o7 (-[2,-) = o7 (+|z,-) for all z. Property

Proof of Proposition 3. To simplify notation, let K7 (v,s) = &7 (v, s) + xW7 (s). We
first derive sufficient conditions that ensure that the convex hull of k is obtained by randomizing
between K (v=,0) and K (vF, 1) for some v~,v" and show that when p = 1 these sufficient
conditions do not depend on multipliers ((;, (s, x, A”). Then we verify that they hold for an
open set of ({Hj, ™ (Gj)}j) . By the arguments in the text when p = 1 we can write k7 (v, s) =
& (s)exp (%) . We assume that x > 0, otherwise the result is immediate (in this case for any
({Hj, T (Hj)}j> the unique optimal reporting strategy is fully informative).

Sufficient conditions

We define a convex hull of the functions d” (0)exp (4) + xW¥% (0) and d” (1) exp (%) +
xWE (1). Since d* (0) > d* (1) and W (0) < WL (1), it is described by k (v) = d* (0) exp (3)+
XxWE(0) for v < v, k(v) = d (1) exp (%) + xWl (1) for v > v and k(v) = Av + B for
v € [v7,vT] for some (v™,v", A, B) that satisfy

d’ (0) exp <U2_> +xWl) = Av™ + B,
+

dl (1) exp <U2> +xWh1) = 4Avt + B,

1. v _
§d (0) exp <2> = A,

1 vt
id (1) exp <2> = A

Y6 For simplicity, we assume that v;, v; are delivered with only a finite number of points. All the proofs extend
immediately to a countable set of points by letting I = co.
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We can solve this system for the four variables (v™, v, A, B) as a function of (d* (0),d" (1), W (0), W (1)):

_ 24 24
vTo= 2ln<dL 0) ,v+—2ln<dL(1)>, (64)
1 whk@a)-wk(0)
A = XN 0) —m(dE 1))
24
B = 2A—2Aln<dL(0)>+xWL(0)

Claim. If K7 (v,s) > Av + B for all v then K7 (v,s) > k (v) for all v.

Proof of the claim. By construction, K7 (v,s) > k (v) for v € [v~,v"], we need to verify
KJ(v,s) > k(v) for v > vt and v > vt. Suppose K7 (v,s) < k(v) for some v < v~. We
have d’ (s) > d* (1) for all s € [0,1],5 € {H, L} because in problem (13) for 0 = o™ only
the incentive constraint for 67, type binds (guess and verify or see Atkeson and Lucas (1992)).
Therefore any function K7 (v,s) = d’ (s) exp (v/2) + xW7 (s) intersects K (v,1) at most once
from below. But then K7 (v, s) must also intersect line Av + B, a contradiction. Analogous
arguments apply for v < v~. B

Given this claim, we find sufficient conditions to ensure that K7 (v,s) > Av + B for all
v, j, 8. Clearly, if we hold d’ (s) fixed and change W7 (s), this equation will be satisfied for high
W7 (s). Let’s find a cut-off W/ so that this inequality holds. W{ should be such that Av+ B is
also a lower envelope for d’ (s) exp (v/2) + yW? all v, j, s. Therefore, for any (7, s) there must
exist (@g , Wg ) such that

~J

@’ (s) exp (?) + XW?

1 !
§d] (s)exp (1}2> = A

This gives yW{ = 2Aln< 24 ) —2A+ B. Any K (v,5) > k (v) if W7 (s) > xW{ or, using

Ad? + B,

di(s)
(64).
, 2A
Wi(s) > 24In (dj(8)>—2A+B
_ In (¢* () ~ In (& ()
= x| V=) )~ @y PO

In (d* (0)) —In (& (5))
In (dZ (0)) — In (dE (1))

This inequality does not depend on x. Also W7 (s) can be written only as a function of (7, s)

W (s) > (W (1) = W (0)) +WE(0). (65)

since (49) implies that A = 1 when p = 1.
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We next show that d’ (s) are independent of ((y,(,) and therefore whether equation (65)
is satisfied depends only on s and ({Qj, T (Hj)}j). We consider the case with j = L, the other
is analogous. Using the homogeneity properties of C (+), we can rewrite condition (59) as

2 G > 0L
A= In -2 w
1+6; (91;(2 1+0g

Plugging this back into (58) gives

0

d* (s) = n}}]n (1 —smr) (¢ exp (—w) + (yexp (w)] + 37TL<1+0L CzHgL ¢ ex (i —T— Lw) (66)

or

where ¢ = OHQL +0, L Also, condition (60) implies

0

(1= s71) [~y exp (—w) + Caexp (w)] + sm2¢, H ¢ ¢ 0 eXp (1 n 9Lw> -

1+ 9L 1+ 9L
or, dividing by (;,

(1 —smp) —exp(—w)+c—26xp( )] + smp, (gi)wqﬁi;zi exp(il?iw) = 0.

If we let w =w + %ln %’ the latter becomes

(1 —smp) [—exp (—w) + exp ()] + sTLP ;ZZ exp <1 ; ZZ@) =0. (67)

and, thus, the optimal @*, which is the solution to (67), is independent of ({;,(5). Plugging
this back into (66) gives
11
d* (s) = ({3 d" (5)
where d” (s) = (1 — smp) [exp (—0*) + exp (W*)]+s7Lp exp <

Therefore, condition (65) can be restated as

) is independent of ((;, (s).

—~~
(=)

In (" (0)) —In (C_ZJ () > 0 for all s, j. (68)

W) = WEO) = (W5 (1) = W 0) {13 (0)) “in (& (1)

v~

=i (s)
A sufficient condition for any interior reporting strategy to be suboptimal is 77 (s) > 0 for all
s, 7. This condition depends only on ({9]-, T (Hj)}j) .
Verifying (68)
We have 0 = % (0) = r¥ (1) < 7 (1) . To establish (68) it is sufficient to verify that 77 (-) is
either increasing or hump-shaped. Figure 4 plots derivatives of 77 (-) for (0, 7) = (0.4,0.5) .

H. and strictly positive at s = 0 and change sign only once

They are strictly positive for r
for v, which ensures that r is increasing while 7% is hump-shaped. By the theorem of the
maximum the solution to (66) is continuous in (61, 77,) which ensures that there exists an open

set of parameters around (01, 7r) = (0.4,0.5) for which (68) is satisfied. m
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Figure 4: The derivatives of 7 (-), j € {L, H}.

6.2 Proofs of Section 3.1

Proof of Lemma 5. For any Rt € Flt, define strategy o’ by
o (-0, (0700) ) = D e (B (07100) ) meea (671),
gt—1

for all étil. By construction, o} ( ’Bt, (ét’l,et)) = o} ( ’Et, (ét‘l,et)) for all ét_l,@til
Since any agent with a history <7Lt, (ét_l, 9t>> can replicate the strategy of the agent with a
history (;Lt, <9t71, 9t)> and achieve the same payoff as that agent, and o ( ‘fzt, (91‘/71, 9,5)) is
the optimal choice of the agent with history (th, (9#1, 0t>> , the new strategy o’ satisfies the
agents’ best response constraint (23). The strategy o’ induces distributions g/ which satisfy
wy = py for all aggregate histories, hence, the feasibility constraint (20) is still satisfied if agents
play o’. Finally, after any history h! € H!, the posterior beliefs are the same, E, [9t|ht] =
Eq [6:/1].

For simplicity we assume that o, (R') , p, (R") > 0. Let oo = py (R*) / (g () + 1y (R™))
and define ¢’ : [0,a] — [0,1] by ¢’ (2) = z/aand ¢" : (a,1] — [0,1] by ¢" (2) = (z —a) / (1 — ).
Define a new strategy and allocations (¢, u’) for all T > 1, ht € {n",n"'}, 0'*T as

11£+T (ht7 Rt+15 TMt+1, "‘7mt+T) = u;ek+T (hlt; <Z5I (Zt41) s Miy1, ---7mt+T) )

o ir (IR 2zt Mty oy 204 070) = o (IR 6 (2e41) s M1 oo, 2 07T
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if 211 < aand

u g (hY zep, megn, oomusr) = gy (B0 (2e41) s Mgt oo muyr)

0':5+T ("ht, Bt4+15 Mt 415 o5 Zt4T'5 QHT) = 0':+T ('|h”t7 <Z5” (Zt+1) s TNt 15 +ens Zt4T'5 QHT)

if 2,41 > « and ul, = u,, 0, = o, for all other histories and periods s. Agents with histories
Rt k" could have replicated each other strategies after period ¢, so they must be indifferent
between them. The strategy o’ gives them the same utility for all histories following {r'*, B}
leaving all other histories unchanged, therefore it is incentive compatible, i.e. satisfies (23).
The strategy profile o’ induces p/, which assigns the same probability to any realization of u
as p, therefore, the feasibility constraint (20) is satisfied. Finally, B [0;|h'] = Eq [0¢|h!] for
all h* € H!, hence, (22) is satisfied. Therefore (u’,0’) is a PBE which is payoff equivalent to
(u,0). m

Proof of Lemma 7. Properties of W;. The arguments in the proof of Lemma 2 extend

immediately to W;.

Properties of ki. To prove concavity let (u’,o’) and (u”,6”) be solutions to (29) for
some v' < v"”. For any v € (v',v”) choose a such that v = av' + (1 —a)v”. Let (@,&)
be such that 0 (m,2) = uj(m,z2/a), 6¢(m,z) = or(m,z/a), if 2 < a, and G (m,2) =
u;(m,(z—a)/(1—a)), 6(m,z) =0¢(m,(z —a) /(1 —«a)), if z> a. The pair (@, ) satis-
fies (23) and (25) for v. Therefore, ki (v) > ak: (V') + (1 — ) kt (V7).

Concavity of k; implies continuity on (v,v). To show that the continuity extends to v

suppose without loss of generality that v = 0. Define

* - /B S - /B S un
kf (v) = max Eq Z LS (9us — CiprsC (uy)) v] — Z %XHSWHS (a"™)
' s=0 ¢ 5=0 ¢

subject to (25). kf () is a continuous function with &} (v) > k¢ (v). At v = v its solution sets
u, (h®) = U (0) for all h®. This allocation together with an uninformative reporting strategy
satisfies (23) and therefore &k} (v) = k: (v) . This establishes continuity of k; at v.

To show differentiability first consider unbounded utility functions. Fix an interior vy,
let (uy,,04,) be the solution to k: (vo) and consider the alternative pair @ such that @; =

Uyt + U — 00, tps = Uy t4s, for all s > 0. The pair (1, o,) satisfies (23), delivers v, and has

value
Vi(v) = Eavo [(0t (gt + v —v0) — (O (Wygt + v — v0) — x;Wi)| V]

1 = _
+B*Eovo Z Biis (9t+suvo,t+s = Ci4sC (uvo,tJrs) - Xt+sWt+s)
t

s=1
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Clearly, k; (v) > Vi (v) with equality at vg. Also, V; (v) is concave and continuously differ-
entiable.!” Thus, from Benveniste-Scheinkman theorem we have that k; (v) is differentiable

and
ki (vo) = V{ (v0) =1 = (,Bg,, [C" (Wugt)] - (69)

Note that if k; is twice differentiable, it also implies that
0> & (v0) > —(;Bo,, [C" (Wug )] - (70)

If utility is bounded below (without loss of generality by 0) but not above, we can follow
analogous steps as above using the pair (@, o,) such that G, = %uv()’t_l,_s, for all s > 0, and
6 = 0y,- A symmetric argument works for the case where utility is bounded above but not
below. Finally, when utility is bounded we can construct a function V; separately for v < vg
and v > vg.

We next establish the value of derivatives k; (v) in the limits. Define a function

K (v) = IB?}L:XEG Zﬁt [0, — ¢,C ()]

t=0

subject to (25). We first show that k; (v) < Ky (v) + const. Let vy = maxgee >0 [0U (c) — ;]
and let (uy,,0,) be a solution to (29). Then

00 _t B 0o —t o Bt+s
Z A - Z = 9t+suv,t+s - Ct+SC (uv’t+3) — Ut+s] — EU’v Z TS
= b B 5,
0 =0 s=0
o0 o =
B
< Boy ) B [Ostoges — GO (Woes) = Vees] = ) %XFFSWFFS (")
s=0 =0 t
= iﬂs S~ Pees (g
= - Vtrs = ) g, XewsVits ("),
s=0 s=0 t

where the first inequality follows from the fact that the expression in square brackets is negative
and (,/B; > B°" and the second inequality follows from the fact that K;(v) maximizes
Eo 00 B° [0¢4sutts — C4C (urys)] without incentive constraints. Since k; (v) < K (v) +
const and K; (v) is concave, lim, .5k} (v) < lim,_; K] (v) = —oo and, if utility is unbounded
below, lim, ., k} (v) > lim,_, K] (v) = 1. Since k| (v) < 1 if utility is unbounded below from
(69), we have lim,_,, k; (v) = 1.

'"The latter comes from Leibniz’s theorem since f (u,v) = 0 (Wyg,t +v —v0) — ¢,C (Wyy,e +v —v0) is a
Carathéodory function (continuous in v and measurable in u) which is locally uniformly integrably bounded
because, for each v, there is a neighborhood U, and a positive number B such that |f (u,9)| < B, for all & € U,.
Finally, f, is continuous and also locally uniformly integrably bounded.
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If utility is bounded below, constraint « > 0 may bind. Let

1 oo B o /B 5 un
K, (v) = ET mffXZﬁtJrs [ut+s — C45C (ut+s)] - Z %XHSWHS (")
t s=0 5=0 t

subject to

Zﬁsut—i-s = . (71)
s=0

ki (v) > K, (v) for all v with k; (v) = K, (v). Since K} (v) > 1, we have kj (v) > 1.
It remains show that lim sup x; > 0 implies lim,_,, K} (v) = oo and therefore lim,_,, k; (v) =
oo. Let v, (v) be the Lagrange multiplier on (71). The first order condition for uys, s > 0, is

S

l_C sC, uv, S gf
" ( " ) BtJrs/ﬁtlt

(v). (72)

Suppose that limsup x, > 0 but v, (v) = K} (v) < oo. If limsup y; > 0, then ﬁ — 0 and
A t+s t

there is some T' > ¢ such that 1 — %’y . (v) > 0. For such T the optimality condition (72) is
T t—

satisfied only for u, 7 > 0. This is impossible since lim,_, u,; =0 for all £. =

Proof of Lemma 8. Let X (o) be a set of (u, w) that satisfy (32) and X (o) be a set of
(u, w) that satisfy (34) and (35). Observe that (u,w) € X (o) if and only if (u (-, 2),w (-, 2)) €
X (o (+]z,-)) for all z. From Luenberger (1969) (page 236, problem 7) we can form a Lagrangian

u,w,o

@ = mac [ S w00 00—y @) bulm,2) = (O (u(m.2)
(u,w)eX(o) Z o.m

FBrarkies (W (m, 2)) = By, W) W (m,2)| = X W (0 (12,) + 7, (v) 0] dz

— / max S (0) 0 (ml2,0) [(1 — 7, (1) 6u (m, 2) — ¢,C (u(m, =)
a (u('vz)7w('7z)) m
Z (u(2)wlnex(o(lz)) L

FBriikin (w(m, 2)) = By, (0) W (m, 2)| = X, W (0 (2,2)) + 7 (v) 0] dz.

Benveniste and Scheinkman arguments applied to the first maximum establish that &} (v) =
v (v) . Therefore k; (v) = max, {k¢ (v,0) — x,Wi(0)}. ®

Proof of Lemma 9. The arguments in the text establish this lemma for |M| < |Me|,
here we extend them to |M| > |Mg|. The proof follows similar steps to those in the proof
of Lemma 11. First, we argue that the incentive constraints (34) and (35) imply that we can
partition any message space M into 2 |O| subsets: |©| subsets M; of messages that are reported
with positive probability by type 6; and give the highest utility only to type 6;; |©] — 1 subsets

M; ;41 of messages that are reported with positive probability by either 6; or 6;11 and give
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the highest utility to both 6; and 6;41; and a subset My of messages that are not sent with
positive probability by any type (we omit subscript ¢ to simplify the notation). To see that
these subsets are enough to partition M, suppose m is sent with positive probability by 6; and
gives the highest utility to some other type 6, j > i+ 1. For any m’ that gives the highest

utility to 6;41 we have
Oirru (m') + pw (m') > Oipq1u (m) + Bw (m)
and

i (m) + fw (m) > Giu(m') + pw (m'),
Oju(m)+ pw(m) > Ou(m) + pw (m).

The sum of the first the second inequalities implies u (m') > u (m), the sum of the first and the
third inequalities implies u (m') < u(m), therefore, v (m’) = u(m) and m gives the highest
utility also to 0,11, thus, m € M; ;1.

The same arguments as in the proof of Lemma 11 imply that it is without loss of generality
to choose a message space M with 2|©| — 1 messages: one message for each subset M,
j =1,...,|0|; one message for each subset M, i1, j =1,...,|©| — 1; and no messages in M.
To further restrict the message space note that, if a message is played with zero probability, we
can always remove it from the message set. If instead all messages in M are played with positive
probability, we can define an alternative strategy o, such that oy (m[f) = (1 — s) oy, (m[0),
0€O,me M, ip,i=1,..,[0|-1, 04 (milth) =1-3 is) (m]0:), m; € M, i =1,...,]0],

and adapt the arguments in the proof of Lemma 11 to restrict the message space to 2 |0| — 2

m;ém
messages. W

6.3 Proofs of Sections 3.2 and 3.3

We first introduce some notation. For given v and o, let M, , () C Mg be the set of all
messages that give type 0 the highest utility. This set is uniquely defined only up to the set
of messages that are sent with positive probability, so M, , () refers to any of such sets. Let
My =UgM, s (0). Also, let YT denote the set of strategies such that there are non-constant
{u(m),w(m)},, that satisfy constraints (34) and (35).

Observe that if m € M, , (6) and m' € M, , (9'), with 6 > @', then combining Ou (m) +
Bw (m) > Ou (m') + Bw (m/) with 0w (m’) + fw (m') > 0w (m) + Bw (m) gives u (m) > u (m’)
and w (m) < w (m’) . Thus, if we denote by m; any message in M, , such that u (m1) < u(m)
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for all m € M, ,, we can always order messages in M, , as

u(my) <...<u (m|Mv70|) , w(my) > >w (m|Mv70‘) ) (73)

Lemma 13 If v, (v) > 1, then uy, (m) = 0 and wy, (m) = W for all m sent with positive
Biia

probability where either w = v or w satisfies =3 ki y () = (v). If v (v) < 1 then
B
tgl E, [k:/f+1 (wv,o)] < (v) =1- (B, [C, (uv,a)} (74)
with equality if wy, o (M) is interior for all m sent with positive probability, and
(1= (v)) 01 < GC" (o (M) < (1=, (v)) O, (75)
s / _ s
ol=v W]+ |1-= <1—kipy (woe(m)) <ol =7 @)+ |(1-= (76)
Bri1 B
- i 1+9|@‘*91 _ L1+9179‘@‘
for o= o 0 and o I T

Proof. We show this lemma assuming all messages in Mg are sent with positive probability,
thus, o (m1]61) > 0, o (mgje|-2l0e|) > 0, and M, ;| = 20| —2. The other cases are analogous
by restricting attention to the subset of Mg which is reported with positive probability.

Let &' (6, mg, m’) and £” (6, mg, m’) be the Lagrange multipliers on the constraints (34) and
(35), respectively and v* (m),v* (m) be the multipliers on w (m) > v, u(m) > u. We set
&O,m,m)=¢"(0,mm') =0 for all m ¢ M, ,(0) and &' (6, m,m) = &" (§,m,m) = 0 for all
m € Mg, so that & ¢" are well defined for all (6, m,m’). The first order conditions for the
optimal choice of w (m) and u (m) in (33) are

> /Btglkiﬂ (oo (M) =7 (v) | o (mlO) 7 () + Y [€(0,m,m) + 0 (m|0) €" (6,m,m)]

6O (6,m")€Ox Mg

- Z 1€ (0,m',m) + o (m|0) " (6,m',m)] +v* (m) =0 (77)
(0,m")eOx Mg

and
S =% )0 = G e )] o (mlO) 7 (@) + S [¢ (Bm.m!) 4o (m'|6) " (6,m,m')] 0
9cO (6,m")eOX Mg

_ Z [5’ (9, m’, m) + o (m|0) " (0, m, m)] 0+ v"(m)=0. (78)
(0,m")eO@x Mg

Sum (77) and (78) over all m to get

Bri1

g

Eak1/f+1 (wv,o) + Z v (m) =, (v) = By [1 - CtC, (Uv,a)] + Z v (m). (79)

meMeg meMeg
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Suppose (uy o (M), wy s (m)) are the same for all m. Then (79) verifies that (uy o (M), Wy, (M))
satisfies the conditions of the lemma. Hence for the rest of the lemma we assume that not
all (uy,e (M), wy s (m)) are the same, in which case it must be true that v (m2‘9|,2) =
0, v"(m1) = 0. Let & C Mg be a set of messages m for which (uy s (M), wy e (M) =
(upo (M1), Wy (m1)) and 6 be the largest 6 such that G' C M, , (). Incentive compati-
bility implies that it is strictly suboptimal for any 6 < ¢’ to send any message other than those
in G'. Therefore (77) and (78) can be written as

Bt—l—l
3
9(G) ,,  v(G)

(1= () B [0167) = GO (o (m)) + e + gy = O (8D

b (g () =7 (0) 4 s = 0 (50)

~ ! 0/’ , / _"_ / 0/ 1" 0/’ , /
where Pt (67) = Seomer o (1007 (0).9(6) = Soncarmenta | S (gt on) — o (o) e (5t ) |

and v (G') = 3, e V" (m). Similarly defining G” and 0" for (uy,o (Mmog|—2)  wv,o (Maje—2))

we get,

P g (ror2)) 00+ b+ SO — 0 )
(1 =7 (v) By [0|G"] = ¢,C" (thv,6 (Moye)—2)) + lfr((GG::,)) ¢" = o. (83)

As a preliminary step we establish the signs of 9 (G’) and 9 (G”). Since ks is concave
and w, , (m1) is the largest w, , (M)

B Bria

L (e () < P2

where the second inequality follows from (79). Therefore (80) implies that 9 (G’) > 0. To

establish that 9 (G”) < 0 observe that w, o (m) > w,. (moje|—2) for all m ¢ G” and therefore

v (m) = 0 for all m ¢ G”. Substitute that into the first equality in (79) to get
Bt

g

Eo’k£+1 (w’U,O') <7 (U) )

00) = BB (o) 07 (6) < P2 (1 (me ) +07 (6)

/315—1— L YW ( G”)

< 5 ki (wnr (maje)-2)) + 5rgm-

Then (82) implies that 9 (G”) < 0.
We first characterize the boundary conditions when v, (v) > 1. In this case (83) to-
gether with 9 (G”) < 0 implies that C” (oo (m2|@‘_2)) < 0, which is impossible. Therefore

(up,o (M), Wy, (m)) must be the same for all m, the case that we already considered above.
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Alternatively suppose that -, (v) < 1. We establish first that v* (m) = 0 for all m. Since
our maximization problem is strictly convex, we can guess and verify that all multipliers on

the boundary conditions are zero. In this case (81) shows that

&(G,) 0 >0

¢’ (Un,o (Mm1)) = (1 =7 (v)) By [QIG/} + Pr(G) ~

where the inequality follows from 9 (G) > 0. This establishes that u, , (m1) > u. Monotonicity
(73) shows that u, » (m) > u for all m, verifying our guess. Since E, [@|m] € [91, 9|@‘] , bounds
(75) then follow from (81), (83), (73), and 9 (G’) > 0, 9 (G") < 0.

It remains to show the boundary condition (76) when 7, (v) < 1. To obtain bounds for

ki1 (wys) , substitute for 9 (G), 9 (G") from (81) and (83) into (80) and (82). Then

B 11—, (v 1 1
S (e (mze12)) = 70 (0) + B [01G7] = g+ 7 (1= G (t (rma ) -
1 —v (v 1 —v (v
< 7 (v) + e,f()9e| - eut()

Re-arrange to get

/8 0 o —1 /B
L=k (w00 (mae—2)) = (1= (v)) 5 (1 —- (|9// +11-=

t+1 B

AV
—~
—_
|
2
o~
—~
(4
=
>
T |
AN
N
—_
S~
%9
T
—
N———
VR
—
|
>
A ReY
AN
~_—

The other inequality in (76) is shown analogously using the fact that v (G') = 0. m

The next Corollary states an implication of this lemma that is used throughout in the

proofs.

Corollary 3 There are a,, (v), Gy (V) ,a,, (v), @y (v) such that C is defined over [a,, (v) , @y (V)] ,
Upo (M) € [a, (v),ay (V)], wye (M) € [a, (v),ay (v)] for all o and m such that o (m|f) > 0
for some 0. If utility is either bounded below or x; .1 > 0, then a, (), 0y (+),ay (), @w () can

be chosen to be constants for all v sufficiently low.

Proof. Without loss of generality, suppose all m are sent with positive probability and
(73) is satisfied. First, suppose utility is bounded below. If 7, (v) < 1, then (75) and (76)
define compact sets for u, , (m) and w, » (m) . If v, (v) > 1, then u, , (m) and w, » (M) do not
depend on m by Lemma 13.

Alternatively, suppose that utility is unbounded below, so in this case lim,_,_ 7y, (v) =

N —

by Lemma 7. Then equation (75) implies that there is A (v) such that |u, , (m”) — uy o (M')]
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A (v) for all o,m/, m” sent with positive probability. The incentive constraint

0\®|uv,a (m2|@\72) + Bwv,a (m2|®|72) > 9|@\uv,a (ml) =+ /Bwv,a (ml)

together with monotonicity (73) imply that

0
L (uv,o (m2|®\—2) — Uy, (ml)) > Wy,o (ml) — Wy,o (m2|®|—2) >0

B

establishing that |w, s (m”) — wy, (M) < %A(v). Let w0, be defined by 6?1/%“ (wy) =

v (v) . Then wy, o (M1) > Wy > Wy o (m2‘9|_2) by Lemma 13, which establishes that w, , (m) €

[wv - %A (v), Wy + %A (v)} for all v. We show analogously that u, , (m) lies in the compact
set independent of o, m.

It remains to show that the boundaries of this set are independent of v if utility is un-
bounded, x;,; > 0 and v is sufficiently low (the bounded utility case it trivial). x;,; > 0

implies 3/B;,1 < 1 and therefore expression (76) implies that there exists v, such that

1 1—AB <1-k (wvg(m))g§ 1—AB for all m,o,v < w, .
2 t+1 , 2 t
Biv1 Bis1

This establishes bounds for w, , (m). The incentive constraint

eluu,o (ml) + Bwv,a (ml) > gluv,a (m2\9|—2) + Bwv,a (m2\®|—2)

together with monotonicity (73) establishes bounds for u,, (m). =

Lemma 14 Suppose Assumption 1 is satisfied. Then C" is continuous and lim [g;q(j;]é =
uU—u
ki (v)

If, in addition, k; is twice differentiable then lim —4-—~— = 0.
v—v [1=k;(v)]

Proof. By definition C (U (¢)) = ¢. Differentiate twice to obtain C'U’ = 1 and C" [U’]* +

C'U" = 0. Since U” continuous, C” is also continuous from the second expression. The two

expressions together imply
C"U(e) __U"(o)

cr U Ul

If assumption Assumption 1 is satisfied then lim C”(“)Q = 0.
u—a [C'(u)]

Suppose k; is twice differentiable and v satisfies v, (v) < 1. Then by Lemmas 8 and 13

u, (-, 2) is interior and therefore the proof of (70) applies, establishing that

Sl L)

0< —k{ (v) < (Bo,C" (W) = (1 = 7, (0))* (o, (84)
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Since uy, (-, 2) satisfies bounds (75) for each z, we have 1=5,(0) o (s

0,7, (v) = —o0 as v — ¥, uniformly in (m, z). Since k; (v) = 7, (v), this establishes lim q klé,(z;))]Q =
v—v |1—Fk
0. m

el ¢ [01,010)] , e,

Lemma 15 Suppose |O] = 2.
(a). If either utility is bounded below or x;,q > 0 then lim,_., [k (v,0) — K¢ (v,0%™)] =0
for all o.

(b). If Assumption 1 is satisfied then lim,_5 k¢ (v,0™) — K¢ (v,0)] = o0 for all o ¢ X™.

Proof. (a). As in the proof of Lemma 13 we assume that all messages are sent with

positive probability and (73) holds. Define the allocation (u;g, w;’o) where

*

u

vo (M) = Egbuy 5,y , (M) = Bow, o for all m. (85)

Since the profile (uj ,, w;'jp) is incentive compatible for any o we must have
Kt (’U, O_un) > (1 - Mt ('U)) u:,a - th (u:p) =+ /3t+1kt+1 (w;:a) — V¢ (’U) Bw;,a + YVt (1}) v. (86)

Therefore,

o
IA

ki (v,0) — ke (v, 0™) (87)

< By {[(1=7(0)) Ot = GC (t00) + Bk () = 71 (v) Bun |

~ [0 @) 05 = G () + Braakin (w],0) =7 (v) B, | |

= E, [_Ct {C (Uv,a) -C (UT;,U)} + Bt-&-l {kt-i-l (wv,o) — kty1 (w:,a)} — 7 (v) B {wv,a - w:,o}} )
where the second inequality follows from the fact the that right hand side of (86) does not
depend on (6, m) and the equality follows from (85).

First, suppose that utility is bounded below. From Lemma 13, u, , (m) — wand w, , (m) —
w for all m and o as v — v and, thus, uy, , — u,wy , — . Therefore, x¢ (v,0) — K¢ (v,0"") — 0

for all o.

Now suppose that utility is unbounded. Apply the mean value theorem to (87):

0 < Kt (v,0)—Ke (v,0"") < Ey

_CtCl (Uv,0r) (uv,a - u:,o) + Bt+1 {klltJrl (Wy,0) — A/B } (’wv,a - w:,a)]
ﬁt-ﬁ-l
(88)

for some , 5 (M) € [uvp (m1) , Up,o (m2|@|_2)] Wy o (M) € [w%g (m2|@|_2) , Wy (ml)] . There-

fore limy—, — oo O (y,) = 0, limy——oo § kpy 1 (W) — Bi - =0by Lemma 13. If x,; > 0 then
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Up,os Uy 5 € [Qyy Aul s Wy oW, € [y, Q] for some reals a,,, Gy, a,,, @y for sufficiently low v by
Corollary 3, and the right hand side of equation (88) converges to 0 as v — —o0.

(b). We first show that lim, 3 [th (v, Um) — Ky (v, J“")] = oo for any uninformative o*".
Since all uninformative strategies give the same payoff, it is sufficient to show this for & such
that 6 (mg|@) = 1 for all §. We consider v to be sufficiently high so that v, (v) < 1, (uys, Wy 5)
is interior and by Lemma 13 satisfies

Bt-ﬁ-l

8

We consider an informative strategy ¢ in which type 65 reports mg with probability 1

kg (wo (m2)) =1 = ¢C" (uy s (M2)) = 7 (v) - (89)

and receives (uy s (M), wy s (M2)), while type 61 reports m; with probability 1 and receives
(uvﬁ (m2) — Ty, Wy 5 (M2) + %1:17:0> for some 2, > 0 that we define below. Observe that this
allocation is incentive compatible for any #, > 0. Let F' (v, ,) be the value of such strategy.
Obviously ¢ (v, Um) > F(v,2y) .

To make our expressions concise, define

hy (8, u,w) = (L =7, (v)) 0w — (,C (u) + Bryrkesr (w) = (v) fw + 7, (v) v

%x) . This function is strictly

and consider a function f (z) = h, <01, Up,s (M2) — T, Wy 5 (M2) +
concave with f"(0) = (1 —,(v)) (1 —61) > 0 from (89). Let z, be a solution to f(Z,) =
3 (1 =7, (v)) (1 —6;). By strict concavity &, > 0. Moreover, it is easy to verify that for any
x € [0, x}], where 2 solves f' (z}) = 0, the allocation (uvﬁ (m2) — x,wy s (M2) + %1:17) satisfies

bounds (75) and (76). Therefore (uvﬁ (m2) — Ty, Wy 5 (M2) + %:Z‘U> satisfies these bounds.
We have

R . . f' (@ R
F (0.2 = ke (0.8) = 7.(00) [ (@) = £ O] = 7 (00) 2 (1 5, (),
1= (v)
for some Z, € (0,%,) from the mean value theorem. Convexity of f implies that 1f_/ %(Jz))) €

[3(1—61),(1—6;1)] . We next show that lim,—5 (1 — v, (v)) &, = oo if Assumption 1 is satis-
fied. Since r; (v, O'in)—/ﬁt (v,0%") > F (v, &) —Ky (v, &) it establishes that lim,_3 [K?t (v, Ji”) — Ky (v, U“”)] =
0o. To simplify the exposition, we assume that k;;1 is twice differentiable. In Supplementary
material we extend these arguments to the cases when k;11 does not satisfy this assumption.
If ki1 1 is twice differentiable, so is f, and applying the mean value theorem we have
1—601 _ f1(0) = f(@) _ —f"(20)

21— (v) - (1=, (0)]2 (1= (v) &0 (90)
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for some x,, € [0, &,]. Using direct calculations and taking limit as v — ©

() X C" (5 (M2) — &) o5 (91>2 '\ (wv,a (ma) + %a:)
= 6t t+1 \ o
1=, () 17 ) B 17 @)
2 2
_ ¢, G e (ma) —20) | (U (m2) — 20) C" (ups (m2))
YO (g s (ma) — )2 | C (o5 (m2)) 1— 7 (v)
—_——
—0 by Lemma 14 <1 bounded by Lemma 13
2
2
. 2
B (%) ks (wos (ma) + %x) 1= by (wos (m2) + %) || 1= Ky (wos (ma) + %)
_ 5 - —
[ — kKl (wv,& (ma) + %37'[))] — ki <wv,& (m2) + %%) -7
bounded by Lemma 13
—0 by Lemma 14 <1

Allocation (uv & (M2) — Ty, wy 6 (M2) + %ﬁ:v> satisfies bounds (75) and (76) since &, € [0, z}],
@)

therefore, it goes to (u,v) as v — 0. Then Lemmas 13 and 14 imply that ql)l_r)r}} T, o)
Equation (90) then implies that 11_>m_ (1 =7, (v) Ty = 0.

It remains to show our resuﬁ fvor any o that is not uninformative. If ¢ ¢ T then no
insurance is possible, k (v,0) = k(v,0""), and our previous arguments apply. Consider any
o € ¥\ which in the case of |©| = 2 is equivalent to a o such that there is message m and
type 6 with o (m|0) € (0,1) and o (m|#') = 0 for 8" # 6. Without loss of generality let (my, 61)
be such pair. Let 0™ be an informative strategy such that ¢ (m1|61) = 1 and o™ (mz|f2) = 1,

and let ¢” be a strategy such that o” (m2|f) = 1 for all 6. Since (uyq, wye) € X (0) and
(U0 w0.0) € X (0”),

Ky (v, am) — ke (v,0) = Egin [hv (0, uv’gm,wvﬂm)] —Eq [hy (0, Uy 0, Wo5)]
7 (01) (1 — o (m1]61)) [hy (01, Uv,o (M), We0 (M1)) = hy (01, Up,6 (M2) , Wy,6 (M2))]

AV

and

Kt (’U, O') — Kt (U, O'") = E, [hv (07 Uy,o wv,a)] — By [hv (97 Uy,a' wv,o’”)]
< 7w (01) 0 (malb) [ho (01, u0,0 (M), wo0 (M1)) = ho (01, 80,0 (M2) , Wwe,0 (M2))] -

Combining these inequalities,

, 1-— 0
Ky (v, am)—ﬁt (v,0) > o (m1]01)

1 —o0(m]61)
o (mbh)

("Qt (1)70') — Kt (U7UI/)) 2 o (mlwl)

(ke (v,0) — K (v, 04)) .

Therefore
kit (v,0™) = K (v, 0)
l1—0 (m1|91)

Ki (v, O'm)fl{t (v,0"") = {fft (U, O'm) — Ky (v, a)}+{/<;t (v,0) — Kt (v,0"")} <
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Our previous result then implies that lim,_,z {Ht (v, am) — ke (v, 0)} =c0. N

For any M, , (), consider the alternative constraint
Ou (m) + pw (m) > Gu (m') + Bw (m') for all ,m € M, , () ,all m'. (91)

Observe that the maximization of (33) subject to (34) and (35) is equivalent to the maximiza-

tion of (33) over (91).

Remark 1 Constraint (91) is smaller than constraint (34)-(35) since it imposes restrictions
on measure-zero m. However, reporting measure-zero m 1is not incentive compatible under
(84)-(35), so both the value of (33) and the set of maximizers sent with positive probability are

the same.

We now consider some properties of the derivatives of x; and W;. For any o,0’,a € (0,1)
let 04 = (1 — @) 0 + ao’ and consider the set of messages sent with positive probability under
0q. This set is independent of a.. Let u¥ be a solution to (26) and (uq, ws) be a solution to (33)
for 0. Since, holding o, fixed, these problems are strictly convex, these solutions are unique
for any m sent with positive probability. Let uf (m) = limy—ouy (m) and (ug (m) ,wo (m)) =
limy—0 (ug (M), we (m)) for such m. v and (uq,wq) can be restricted to lie in a compact set
that does not depend on « by (49) and Corollary 3, respectively. Therefore, by the Maximum
theorem these limits exists and u§ and (up,wp) are, respectively, solutions to (26) and (33)
for o, although they may not be unique for the messages sent with zero probability under the

reporting strategy og.

Lemma 16 (a). For any o,0’, the derivative 81/(19/;(/0') exists, is bounded, and

WD) — By [ () — NP (uf ()] — o [0 (m) = N O (u (m)] < Wi (o) — Wi (o)

(92)
For each t, there is € > 0 such that, for any c*" € X" which is the limit of some sequence
{on}, with o, € BT, there exists o™ such that % > e.

(b) For any v and o take any M, ,. For any strategy o', with a property that o' (m|6) > 0

only if m € M, , (0), the derivative 6”5(;,’”) exists and

W = Eor (1= %, (0)) 8o — O (o) + Bk (w0) =7, () o] (93)

—Es [(1 — ¢ (v)) fuo — ¢,C (uo) + Bt+1kt+1 (wo) — ¢ (v) Bwo} < K (Ua 0',) — ke (v,0).
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Proof. (a). For any random variable z (m) € X for some set X, the family {E, z}, . is

equidifferentiable at any « € [0, 1) since the expectation is linear in «. Therefore the derivative

avg;(lo) exists and satisfies the equality in (92) by Theorem 3 in Milgrom and Segal (2002).

The inequality follows from the fact that W; (¢/) > Ey [fuf (m) — A C (uf (m))]. 8%/;(/0) is

bounded since ug satisfies (49).

Take some o"" € X", which is the limit of some sequence {o,}, with o, € 7. Since
o, € YT, for all n there is at least one message m which is sent with positive probability by
only one type (if all messages were sent by both types, constraints (34)-(35) would imply that
(Up,e (M), Wy, (m)) are the same for all m sent with positive probability). Without loss of
generality, let my and 6; be such message and such type. Let ¢’ be defined as o’ (m1]61) = 1,
o' (m|02) = o (m|f2). Clearly ¢/ € X since o’ (m1]f2) = 0. We have u¥ (m;) = %}J and
ug (m) = ﬁ for all m sent with positive probability by o, for @ > 0. This implies that there
is some € > 0 such that % > €.

(b). Let 0,0’ be as defined in the statement. Then o, (m|0) > 0 only if m € M, ().
Therefore for all o4, a € [0,1), the constraint set to problem (33) can be written as (91), i.e.

independent of a. Therefore we can apply Theorem 3 in Milgrom and Segal (2002) as in part

(a). m

Lemma 17 If the derivative % exists for some o’ then

8/4, 3 v aW v
t(v,g)ﬁxt t(7)~
Jo Oo

Moreover, if o, € XT\X™ then there are o' for which (94) holds with equality. In particular,

(94)

o’ can be chosen to be in X and in V™.

Proof. Since o, is optimal,

1
-~ [kt (v, 00" + (1 = a) o) = x; Wi (a0’ + (1 = @) 00) — {#t (v,00) = x; Wi (04)}] <O
for any a > 0. By assumption the limit exists as a« — 0, establishing the first part.

Suppose o, € ST\E™. Then there must exist some m’,m”,¢’,0” such that o, (m'|¢') > 0,
Ou (m’\@”) = 0 and o, (m”|9’) > 0, oy (m”\@") > 0. Without loss of generality let m’' =
my,0 = 01. Let o’ be defined as defined in the proof of Lemma 16(a) and let

F (8,m) = (1 =7, (v)) §uo (m) = G,C (uo (m)) + By y1kei1 (wo (m)) =7, (v) o (m).

By construction ¢’ (m|@) > 0 only if m € M, 5, (0) so the derivative amég’,av) exists by Lemma

16(b). Also, suppose m, m are sent with positive probability by both types under o,, then (35)
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implies that (ug (M), wo (M)) = (uo () ,wo (M)) and, thus, F' (6, m) = F (6, m) for all . Also,
from the proof of Lemma 9, since o, is optimal, it must be that E,, [0|m] = E,, [0|7] and,
thus, u (m) = uf (). Substitute (92) and (93) into (94) and divide by 7 (61) o, (m”|61) > 0
to get

Xe {[01ug (m1) = AYC (ug’ (ma))] = [Brug (m") = APC (ug’ (m”))]} (95)

Okt (v,0y) /00’
7 (61) oy (m"|01)

=F (Hl,ml) - F (@1,771”) .

Alternatively, let o” be defined as o” (m”]01) = 1, o” (m|62) = o, (m|f2) for all m. By con-
struction, o” (m|f) > 0 only if m € M, ,, (0), therefore, the same steps as above establish the
reverse inequality in (95). Therefore (95) holds with equality. Since o’ € ¥, we conclude that
(94) holds with equality for some fully informative o’.

Okt (v,04)

It remains to show that there is some o“" such that the derivative Houn

satisfies (94) with equality. Define o%" (m”|0) = 1 for all §. By Lemma 16(b) Irev:00) eists.

Ooun

exists and

Using (92) and (93) and the fact that, if m, 7 are sent with positive probability by both types,
then F'(6,m) = F (0,m), for all 8, and vy (m) = uf (), we have

Okt (v, 04) oWy (o4)

doun b goun
= Y O 0w (m|o) (F (0,m") — F (6,m))
6,m

X Y m(0) oy (m]0) { [fug) (m") = APC (uf (m"))] = [Buf (m) = N'C (uff (m))]},
0,m

for all m sent with positive probability only by one type. The last expression is zero by the
fact that (95) holds with equality. m

Proof of Proposition 4. (a). Since o, is optimal,
[kt (v, 00) = X Wi (00)] = [Ke (0,0"") = x; Wi (6")] = 0.

This, together with Lemma 15(a) and W (o) > Wy (0"") for all o by Lemma 7, implies
that lim,_,, W; (o) = Wi (6""). Suppose a cutoff v; does not exist. Then there is sequence
{ov, },, With v, — v such that o, € 7. Since {0y, }, lie in a compact set, we can choose
a convergent subsequence {U%/ }n,. We must have o, , — " for some o™ since otherwise
limy,/ oo We (O’vn,) > Wy (0"") by Lemma 7. Therefore, for n’ sufficiently high o, , € nH\xin
and by Lemma 17 there exists ¢ such that

oW (O'Un,) B Ok (v,avn,)

Ootn Oon

X < Ky (v, am) — k¢ (v,0""), (96)
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where the inequality follows from (93) and k¢ (v,0) > k¢ (v,6"") for all 0. Since o, , € X
there must be a message and a type, say m; and 61, such that o (m1]61) > 0 and o (m1]62) = 0.

oW (ow ,) .
Then the same arguments in the proof of Lemma 16(a) establish that % is bounded

away from zero (we define 0™ in the same way as in the proof of Lemma 16(a)) and, thus, so is
Ok (U,avn, )

do'in

converges to 0, which establishes a contradiction. Finally, since by Lemma 8 the optimal

by (96) for all n’ sufficiently high. However, by Lemma 15(a) ; (v, 0™) — k¢ (v, ™)

strategy o, (+|z,-) must be a solution to (36) for all z, the arguments above apply for all z,
which proves that o, is uninformative for v < v, .

(b). Suppose o, € LT\X", By Lemma 17 there exists ¢%" such

Wi (ow) _ Ok (v,00)

Xt Houn - Hatin 2 Rt (U7 O-U) — Kt (Uv O_un) )

where the inequality follows from (93). Since the left hand side of the equality is bounded by
Lemma 16(a), the right hand side and, therefore, x; (v, 0y) — k¢ (v, 0%") must also be bounded
above. Since ry (v,0™) — k¢ (v,0%") is unbounded for high v by Lemma 15, while W; (o) is
bounded, o, cannot be optimal if v is sufficiently high. Finally, since by Lemma 8 the optimal
strategy o, (-|2,-) must be a solution to (36) for all z, the arguments above apply for all z,

which proves that o, is fully informative for v sufficiently high. m

Proof of Proposition 5. (a). The arguments in Lemma 15(a) do not depend on the
cardinality of ©. The key observation is that if a sequence {o,}, with o,, € ¥ converges to
some " then for sufficiently highn either (i) there is a message m such that E,, [0|m] = 01,
or (ii) there is a message m' such that B, [0|m'] = jg|. To see this, notice that if 7, — o*"
then we cannot have some type 6 # 01,0jg| to be indifferent between two messages m,m/’
with uy s, (M) < Uy, (M) for infinitely many n. Otherwise, since the incentive constraints
imply that at most one type 6 can be indifferent between two distinct allocations, we would
necessarily have M, ,, (61) N M, 5, (9‘@‘) = () for infinitely many n and, thus, violate the
assumption o, — o%". Thus, for high enough n, there can be at most three messages m,m’, m”
with uy o, (M) < Uye, (M”) < Uy, (M) such that (i) only type 6; is indifferent between m
and m” and (ii) only type 0)g| is indifferent between m’ and m". Suppose case (i) (case (ii)
is analogous), then analogous steps as in the proof of Lemma 16 show how to construct a
strategy which reveals full information about type 6. This strategy can be used to replace
o™ in Lemma 17 and, thus, to replicate the arguments in the proof of part (a) of Proposition
4 for any finite ©.

(b). It is easy to see that the arguments in Lemma 15(b) still hold if we replace ¢ with a
strategy o such that o (m|f;) = 1 and E, [#|m] = ;. Thus, we conclude that there is v;" < v
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such that any o which does not reveal full information about #; must be suboptimal for all
v >t

To prove the statement about type 6|g|, we can repeat the steps in the proof of Lemma
15(b), replacing the function f () defined in that proof with the analogous function f (z) =

6 . .
hy (0|@|, Uy, (m2|@|,2) + T, Wy,o (m2‘9|,2) — ‘9/3‘_1 1:) . Note that the perturbation we consider

does not change the allocation for type 6|g|_1, but gives the different allocation
(uv,g (m2‘9|_2) + Ty, Wy,o (m2|®|_2) _ H\Qﬁ\*l :%U> to type 0)g|. If inequality (0|@|_1) (0|@| — 9|@‘_1) >
(7 (010)-1) + 7 (00])) (Pjo|—1 — 0j@|—2) holds and 1461 —0)g > 0, we can show that F1(0) =
p (1 =, (v)), for some positive constant p. Similar arguments as those in Lemma 15(b) estab-
lish that f (&) — f (0) — oo.

We sketch the analysis of the last part of the proposition, leaving the details for the Sup-

plementary material. Let a = 1%/) > 1 and that C (u) = Lu®. For all z > 0, define a function

t

kt (Ua :I:) = BEIB%_X EO’ [Z BtJrs 0 - uS CtJrs (LE uS) - Xt+sWt+3)]

subject to (23) and (25). The change of variable i; = us/x then establishes that 27k, (v, x) =
ki (v/x). Thus solution to the maximization problem that define k;(1,z) is a normalized

solution for the maximization problem that defined k; (1/z). We show that limg_.o k¢ (v, ) =
k¢ (v,0) where

k¢ (U,O)— - maXE [Z/BH-S Ct+sC(u5))]

subject to (23) and (25). Function k:(v,0) is a version of the standard cost-minimization
problem with commitment. Equation (40) provides a sufficient condition to rule out bunching
in that problem. This, in turn implies that the normalized solution to k; (1/z) must converge
to a no-bunching allocation in which each agent reports his type truthfully. The arguments
similarly to those used in the previous part then establish that it should be true for all z

sufficiently low. =

Proof of Lemma 10. Suppose constraint (22) is slack in an invariant distribution
so that y = 0. Then B = [ and the maximization (24) can be written in its dual form
miny E,in ::0 B'C (u;) subject to (23) and (25). Golosov, Tsyvinski, and Werquin (2013)
show in Proposition 6 that the only invariant distribution implied by the policy functions to
this problem assigns mass 1 to v. Such distribution violates (22), a contradiction. Similarly,
constraint (22) is slack if all agents play an uninformative strategy. Since x > 0, by Lemma 7
we have lim,_,, k¥’ (v) = oo when utility is bounded below. Therefore w, , (m) is interior for

all v > v by Lemma 13, and (74) becomes (41).
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To show the existence of w observe that the assumption 1 + 67 — 9‘@‘ > 0 guarantees
0 > 0 in Lemma 13. If utility is unbounded below, then Lemma 7 and v (v) = k' (v) give
1 —k (v) > 0. Then (74) and 3 > 8 imply that 1 — &’ (w, (m, 2)) is bounded away from 0
and, thus, w, (m,z) > w for some finite w, for all m,z and v. If utility is bounded below
(wlog by 0) we show that the invariant distribution can have no mass at any point v > 0 with
k' (v) > 1. To see this, suppose v > 0 is such that &’ (v) > 1 then, by Lemma 13, u, (m, z) =0
and w, (m, z) = W, > 0 for all m and z where b, satisfies & (,) = BK (v) /B < K (v). If
instead v is such that &’ (v) < 1 then (74) implies k' (w,, (m,z)) < 3/8 < 1 for all m and z.
This shows that w, (m, z) > w for some finite w, for all m, z, and v > 0.

It remains to show that w is not absorbing. An absorbing point w > v can satisfy (41)
only if &' (w) = 0. If this this the case then equation (41) implies that &’ (v;) is a negative
submartingale for any vy > w and the martingale convergence theorem implies that the unique
invariant distribution assigns all mass to {v} U {w}. Observe that if x (v,0) > & (v,c"") for
any v,0, then {w,, (m)},, do not take the same values for all m. Therefore both o, and o,

are uninformative, which contradicts the first part of this lemma. m
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